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FOREWORD

Dear Readers,

We have written this textbook for the subject Basics of Applied Statistics, which is
taught in the second year of the Bachelor program. It contains the following chapters:
Probability, Random variables, Multivariate random variables, Creation of random sample
and descriptive statistics, Point estimation, Statistical intervals and sample sizes at a given
point estimation accuracy, Tests of hypotheses for a single sample and Statistical inference for
two samples.

When writing the text, we placed emphasis on keeping the text as close as possible to
the Engineer’s way of thinking. We avoided the exact mathematical formulations of the
definitions. We tried to define new terms so as to be easier for engineers to understand and yet

not lose their "exactness". The concepts are therefore explained using examples and figures.

Although the textbook was written primarily for the Bachelor program, it will also
prove useful for students in higher engineering and doctoral studies. For researchers and
workers in technical fields, it will also be helpful in the processing and evaluation of
experimental data.

The textbook contains a lot of example problems and their solutions, in which the basic
terms are clearly set out. At the end of the textbook, most necessary statistical tables are
listed.

I wish to thank my reviewers, prof. Ing. Ladislav Starek, CSc., doc. RNDr. Karol
Pastor, PhD. and PhDr. Jozef Galata, CSc., for their comments and reviewing the manuscript.
Finally, I would like to express my great appreciation and gratitude to RNDr. Daniela
Richtarikova, PhD., for her editing work, Mgr. Jana Gabkova, PhD., for his valuable
methodological comments, and Mgr. Milada Omachelova, PhD., for her beautiful pictures.

author



Probability

1 PROBABILITY

1.1 Random experiment, sample space and event

Learning goals

1 Explain the terms random experiment, sample space and event.

'] Define the sample space and event of a random experiment.

"l Define a new joint event from existing events by using set operations.
'] Assess if events are mutually exclusive and/or exhaustive.
[l

Explain the difference between discrete and continuous random variables.

Random experiment

When different results are obtained in repeated trials, the experiment is called a random
experiment. Some sources of variability in the results are controllable and some are
uncontrollable in the random experiment.
For example, when testing the life length of light bulbs, the sources of variability include:

— material,

— manufacturing process,

— production environment (temperature, humidity, etc.).,

— measuring instrument,

— drift of current,

— observer.

Sample space 2

The sample space is the set of all possible results of the random experiment. We define two
types of sample spaces.
1. Discrete sample space: consists of a finite (or countably infinite) number of outcomes.

For example, a coin toss: £2={head, tail}.

2. Continuous sample space: consists of infinite and innumerable outcomes. For
example, life length of light bulbs: (2 = {X: X2 0} .

Event E

An event is a subset of the sample space belonging to the random experiment.

7



Probability

Set Operations

To determine a new composite (joint) event from existing events we will use three set
operations:

1. union (E; UE,): combines all outcomes of E, and E,,
2. intersection (E, N E,): includes outcomes that are common to E, and E,,
3. complement (E' or E): contains outcomes that are not in E . Note that(E')' = E , while

EUE'=0Q.

Laws for set operations

The following laws are used in set operations:

1. commutative law
E NE, =E nE, E, VUE,=E, UE,
2. distributive law

(ElmEz)UEs :(El UEs)m(E2UE3)’
(E1UE2)QE3 :(El mE3)u(Esz3),

3. deMorgan’s law

! !

(E,NE,) =E/UE,, (E,UE,) =E/nE].

Mutually exclusive events and complete system

A collection of events E,E,,...,E, is said to be mutually exclusive (disjoint), if the events

do not have any outcomes in common, i.e.:
E.NE, =2 forall pairs (i,j): i#j.

The set of events E,E,,...,E, are said to be exhaustive (form a complete system) if their

union is equal to (2, that is

E, UE,LU...UE, =Q.
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Ey

Figure 1.1 Mutually exclusive and exhaustive events

Example 1.1

The rise time (unit: min) of a reactor for two batches are measured in an experiment.

1. Define the sample space of the experiment.

Q= {X: X > O} , where X represents a rise time of the reactor for a certain batch.

2. Define an event A where the reactor rise time of the first batch is less than 55 minutes and
B where the reactor rise time of the second batch is greater than 70 minutes.

A={x:0<x <55}
B={x: x>70}
3. Find AuB,AnBandB'.
AUB:{X:0<X<55vx>70}—the reactor rise time is less than 55 min or greater

than 70 min.

AN B = — the reactor rise time is less than 55 min and greater than 70 minutes; it
is impossible.

A= {X: X > 55} — the reactor rise time is not less than 55 minutes.

4. Are A and B mutually exclusive?
Yes, because AnNB=J.

5. Are A and B exhaustive?

No, because AU B = Q2.

Diagrams

Diagrams are often used to display a sample space and events in an experiment:

1. Venn diagram: A rectangle represents the sample space and circles indicate individual
events, as illustrated in Fig. 1.2.



Probability

Figure 1.2 Venn diagrams: union, intersection and complement

2. Tree diagram: Branches represent possible outcomes, as shown in the following figure.
The tree diagram method is useful when the sample space is established through several
steps or stages.

HHH HHP HPH HPP PHH PHP PPH PPP

Figure 1.3 Tree diagram for outcomes of tossing three coins at the same time

1.2 Interpretations of probability

Learning goals

1 Explain the term probability.
'] Define the probability of an event.

Probability

The probability of an event means the likelihood of the event occurring in a random
experiment. If €2 denotes the sample space and A, A, A, A,... denote events, the following
conditions should be met:

I. P(2)=1

2. 0<P(A)LI]

3. PAUVA VA U--)=P(A)+P(A)+P(A)+---, where the events are mutually

exclusive.

10
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Classical definition of probability

If the sample space consists of n outcomes that are equally likely, the probability of each

outcome is 1/n. Then the probability of an event A consisting of k equally likely outcomes is
P(A) =X
n

where n is the number of possible outcomes in 2 and K is the number of equally likely
elements in A.

Note. For any event A, P(A")=1-P(A).

Statistical definition of probability

When we conduct n independent trials in the random experiment and monitored event A
occurs K times, then the relative frequency of the occurrence of events A is h,(A) = H; if for

N — oo the relative frequencies vary increasingly close within about a specific number, we
can assume that this number is the probability of event A, i.e. P(A). We estimate the value of
P(A) with a relative frequency

P(A) ~ hn(A):%.

Note. There is a significant difference between classical definition of probability and
statistical definition of probability.

1.2.1 Probability of joint events

Learning goals

71 Find the probability of a joint event by using probabilities of individual events.

Probability of joint events

The probability of a joint event can often be calculated by using the probabilities of the
individual events involved. The following rules can be used to determine the probability of a
joint event when the probabilities of existing events are known:

P(AuB)=P(A)+P(B)-P(AnB) applies generally;
P(AuB)=P(A)+P(B) if AnB=J;
P(AUBUC)=P(A)+P(B)+P(C)- P(AnB)-P(ANnC)-P(BNC)+P(AnBNC).
11
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Figure 1.4 Venn diagrams for the probability of joint events

Example 1.2

A teacher of statistics tells students that the probabilities of obtaining grades of A, B, C, and
D or below are 1/5, 2/5, 3/10 and 1/10, respectively. Find the probabilities of obtain signs:

1. AorB;
2. B or below.

Solution

Let E,E,,E;,E, denote the events of earning an A, B, C, and D or below, respectively.
These individual events are mutually exclusive and exhaustive because
P(E,UE, UE,UE,)=P(E))+P(E,)+P(E,)+P(E,) =
1 2 3 1
=—+—+—+—=1.
5 5 10 10
1. The event of earning an A or B is E; UE, . Therefore,
I 2 3
P(E,UE,)=P(E,))+P(E,)-P(E, NE,) :§+§_0:§'

2. The event of earning a B or below is E, UE, UE,, which is equal to E/. Therefore,
) 1 4
P(E, UE,UE,)=P(E)=1- P(El)zl_gzg'
Example 1.3

Test results of scratch resistance and shock resistance for 100 disks of polycarbonate plastic
are as follows:

Shock resistance
Scratch resistance -
High Low
High 80 9
Low 6 5

12
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Let A denote the event that a disk has high scratch resistance and A’ denote the event that a

disk has low scratch resistance. Let B denote the event that a disk has high shock resistance

and B’ denote the event that a disk has low shock resistance (see below).

_ Shock resistance Z
Scratch resistance -
High (B) Low (B")
High (A) 80 9 89
Low (A") 6 5 11
> 86 14 100

. When a disk is selected at random, find the probability that both the scratch and shock
resistances of the disk are high.

P(ARB) =2 —0,8=80%.
100

. When a disk is selected at random, find the probability that the scratch or shock resistance

of the disk is high.
89 86 80

We know that P(A)=—, P(B)=— a P(ANnB)=—
100 100 100

Therefore

89 N 86 80 _ 95 — 950,
100 100 100 100

. Consider the event that a disk has high scratch resistance and the event that a disk has high

P(AUB)=P(A)+P(B)-P(ANB) =

shock resistance. Are these two events mutually exclusive?

0
Because P(ANB) = 100 #0, the events A and B are not mutually exclusive.

1.3 Conditional probability

Learning goals

1 Explain the term conditional probability of events.

] Calculate the conditional probability of events.

13
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Conditional probability

The conditional probability P(B|A) is the probability of an event B, given an event A. The

following formula is used to calculate the conditional probability:

P(AnB)

P(B|A) = POA)

, where P(A)>0.

Example 1.4

A new method of monitoring carpal tunnel syndrome at the workplace is tested with two
groups of people: 50 workers having CTS and 50 healthy workers without CTS (see table
below).

Test result
Group ; .
Negative Positive
CTS 10 40
Healthy 45 5

Let A denotes the event that a worker has CTS and A’ denotes the event that a worker does
not have CTS. Let B denotes the event that a CTS test is positive and B’ denotes the event
that a CTS test is negative. The summary of CTS test results is as follows:

Test result Z
Group - —
Negative (B") Positive (B)
CTS (A) 10 40 50
Healthy (A") 45 5 50
) 55 45 100

1. Find the probability that a CTS test is positive ( B ) when a worker has CTS (A).

50 45 40
We know that P(A)=—, P(B)=—— and P(AnB)=— then it is valid:
100 100 100
P(B|A)= P(ANB) —40/100=i=80%.

P(A)  50/100 5
2. Find the probability that a worker has CTS ( A), when a CTS test is positive (B).

P(ANB) _40/100 _40 oo cq0,
P(B)  45/100 45

P(AB) =

14
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1.4 Multiplication and total probability rules

Learning goals

71 Explain the multiplication rule.
"] Explain the total probability rule.
"1 Apply the total probability rule to find the probability of an event when the event is

partitioned into several mutually exclusive and exhaustive subsets.

Multiplication rule

From the definition of conditional probability

P(ANB)=P(B|A)P(A)=P(AB)P(B)=P(BNA).

Total probability rules
1. When event B is partitioned into two mutually exclusive events B A and B~ A, then
it is valid:
P(B)=P(BNA+P(BNA")=
= P(B| A)P(A)+P(B|A)P(A).

B

e/

Figure 1.5 Partitioning event B into two mutually exclusive events

2. Let A, Ay, ..., Ay be mutually exclusive and exhaustive events, then it is valid:

P(B)=P(BNA)+P(BNA)+--+P(BNA)=..
=P(B|A)P(A)+P(B|A,)P(A)++P(B|A)P(A).

15
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Figure 1.6 Partitioning event B into k mutually exclusive events

Example 1.5

In Example 1.4, the CTS screening method experiment indicates that the probability of
screening a worker having CTS ( A) as positive (B ) is 0,8 and the probability of screening a
worker without CTS ( A") as positive (B ) is 0,1. Then it is valid

P(B|A)=0,8 a P(B|A)=0,1.

Suppose that the appearance of CTS in industry has probability P(A)=0,0017=0,17%. We
will find probability that a randomly selected worker has positive CTS test (B) at the
workplace.
We know that P(A)=0,0017, then P(A")=1-P(A)=1-0,0017=0,9983.
By using a total probability rule we will get:
P(B)= P(B|A) x P(A) + P(B|A’) xP(A") =
=0,8x0,0017+0,1x0,9983=0,101.

Example 1.6

Customer reviews are used to evaluate preliminary product design. In the past, 95% of very
successful products, 60% of moderately successful products and 10% of poor products
received good ratings. In addition, 40% of the product designs were very successful, 35%
were moderately successful and 25% of the product designs were poor. We find the
probability that the product will get good ratings.

29 ¢

Let A,A and A represent events — “very successful product,” “moderately successful

product,” and “poor product.” Let us denote G the event of getting good rating from

customers. Then
P(G|A)=0,95; P(G|A)=0,60; P(G|A)=0,10;
P(A)=0,40; P(A)=0,35 and P(A)=0,25.

The events A, A and A are mutually exclusive and exhaustive because:

16
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P(AUA UA)=P(A)+P(A)+P(A)=
=0,40+0,35+0,25=1=P(£2).

When we use the total probability rule, we get:

P(G)=P(G|A)xP(A)+P(G|A)xP(A)+P(G|A)xP(A)=
=0,95%0,40+0,60x0,35+0,10x0,25 = 0,62 = 62 %.

1.5 Independence of two events

Learning goals

1 Explain the term independence between events.

"] Assess the independence of two events.

Independence of events

Two events A and B are stochastically independent if the occurrence of A does not affect
the probability of B and vice versa. In other words, two events A and B are independent if
and only if applies one of the following relations:

1. P(AB)=P(A)
2. P(B|A)=P(B)
3. P(AnB)=P(A)P(B)

Derivation of the relationship P(AnB)=P(A)P(B):

When events A and B are independent, then it is valid:

P(B|A) =%§\)B)= P(B) = P(ANB)=P(A)P(B).

Example 1.7
For the CTS test results in Example 1.4, the following probabilities have been calculated:

45 4
P(B) = P(B|A) =2
® =10 2d (BJA) 5

4 45

We will find out if events A and B are independent. Because P(B|A) = 3 = P(B) = 100"

events A and B are not independent. This means that the information from the CTS test is
useful for monitoring workers having CTS at the workplace.

17
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1.6 Bayes  theorem

Learning goals
"1 Apply Bayes” theorem to find the conditional probability of an event when the event is
partitioned into several mutually exclusive and exhaustive subsets.
Bayes” theorem

From the definition of conditional probability we get:

P(B) P(B) P(BNA)+P(BNA)
P(B|A)P(A)

- P(B|A)P(A)+P(B|A)P(A)

The multiplication rule for a collection of k mutually exclusive and exhaustive events
A, Ay, ..., A¢ and any event B is

P(B) = P(B|A)P(A)+P(B|A)P(A)+-+P(B|A)P(A)

From the two expressions above, the following general result (known as Bayes” theorem) is

derived:
p(a[B) = PBIAPA) _ P(B|A)P(A) _
P(B) PBNA)+P(BNA)+---+P(BNA)
_ P(B|A)P(A)
P(B[A)P(A)+P(B|A,)P(A)+:-+P(B|A)P(A)
Example 1.8

In Example 1.4 and Example 1.5, the following probabilities have been calculated:

P(B|A)=0,8; P(B

A)=0,1; P(A)=0,0017 and P(B)=0,101.

We will find the probability that a worker has CTS ( A) when the test is positive (B ).
Using Bayes’ theorem we get

P(A[B) = P(B|A)P(A) _ P(B|A)P(A) _
P(B) P(B|A)P(A)+P(B|A)P(A)
_ 0800017 _ 5 131,30,
0,101

18
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Since the occurrence of CTS in industry is low (0,17%), the probability that a worker

has CTS is quite small (1,3 %) even if the test is positive.

We show the calculation using the following table.

Events Prior Conditional Joint Posterior
probabilities probabilities probabilities probabilities

A P(A) P(BIA) PANB) P(AIB)

A 0,0017 0,8 0,00136 0,01344

A 0,9983 0,1 0,09983 0,98656

1,0000 P(B)=0,10119 1,0000

19
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2 RANDOM VARIABLES

Learning goals

"1 Explain the terms random variable X and range of X.

] Distinguish between discrete and continuous random variables.
Random variable

A random variable, denoted by an uppercase (capital letters) such as X, associates real
numbers individual outcomes of a random experiment. Note that a measured value of X is

denoted by a lowercase such as x =70.

The set of possible numbers of X is referred to as the range of X. Depending on the type
of the range, two categories of random variables are defined:

1. Discrete random variable: has a finite (or countably infinite) range.
E.g. tossing a coin: X =0 for head and X =1 for tail.

2. Continuous random variable: has an interval of real numbers for its infinite range.
E.g. the life length of an Infinity light bulb: X > 0.

2.1 Discrete random variables

2.1.1 Probability distributions and probability mass functions

Learning goals

" Distinguish between probability mass function and cumulative distribution function.

71 Determine the probability mass function of a discrete random variable.

Probability distribution

A probability distribution indicates how probabilities are distributed over possible values of
X

Two types of functions are used to express the probability distribution of a discrete

random variable X:

20
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1. probability mass function (p.m.f.): describes the probability of a value of X i.e.,
P(X=1x),
2. cumulative distribution function (c.d.f.): describes the sum of the probabilities of

values of X that are less than or equal to a specified value, i.e., P(X < x,).

Probability mass function (p.m.f.)

The probability mass function of a discrete random variable X, denoted as f'(x), is
Jx)=PX=x,), x, =x,%,,...,X, ,

which can be expressed by the table

S R N R
Mo | e | e | e )
Probability mass function satisfies the following properties:
1. f(x,)=0 forall x,
2. ) f(x)=1
i=1
Then its graph is as follows:
Ax)
A
L ]
| '
o | |
| .: L
o X
Figure 2.1
Example 2.1
The grades of n =50 students in a statistics class are summarized as follows:
Marks A B C D E FX
Number of students 5 8 10 12 10 5

21
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We determine the probability mass function of X and plot f{x).

Solution:

Let random variable X (grade for the course) take its values x =1, 2, 3,4, 5, 6 representing
marks A, B, C, D, E and FX.

x 1 2 3 4 5 6

Number of students 5 8 10 12 10 5

At first we calculate all the values of probability mass function:

5 8 10
x)=P(X=1)=—=0,1 x,)=P(X=2)=—=0,16 x)=P(X=3)=—=0,2
S (x)=PX =1) 50 S (x,)=P( ) 0 S (xy)=P( ) 0
12 10 5
f(x)=P(X=4)=—=0,24 f(x)=P(X=5=—=0,2 f(x,)=P(X=6)=—=0,1
50 50 50
Then
f(x) given by table: f(x) given by graph:
x fx) fx)
A
1 0,10 ]
2 | o016 0,25 v
3 0,20 0,20 1 ) Y
4 | 024 0,15 ’
] |
] |
5 0,20 0,101 - i .
6 0,10 ] | | |
005 | |
2 | ! I B | ,
1 2 3 4 3 6 ul

2.1.2 Cumulative distribution function

Learning goals

71 Explain the term cumulative distribution function of a discrete random variable X,
denoted as F'(x).

[1 Determine the cumulative distribution function of the discrete random variable.
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Cumulative distribution function (c.d.f.)

The cumulative distribution function of a discrete random variable X, denoted as F'(x), is

Fx)=P(X <x)=3 f(x)= 2 P(X =x,)

which can be expressed as follows
0; X <X
S(x); X <x<Xx,
Fay - | TG nSx <,
S+ f(x) +o+ f(x); X, SX<X,
I; X, <X
Cumulative distribution function has the following properties:
1. 0< F(x)<1 for any real x
2. F(Xl) SF(Xz) for X <Xy
3. f(xi) :F(xi)_F(xi—l)
F(x)
A
ol - flx,)) |
. . i
i ){(\1)
M)
—
LoAx)
o | ( >
e 1 = X
X X3 X n-1 n

Figure 2.2 Distribution function given by graph

Example 2.2
In the previous example, we calculated the following probabilities:

P(X=1)=0,10; P(X=2)=0,16; P(X=3)=0,20;
P(X =4)=0,24; P(X=5)=0,20; P(X=6)=0,10

We determine the cumulative distribution function of the variable X and draw its graph.
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By using the probability mass functions of X we get values of c.d.f. at individual points:
F()=P(X <1)=P(X =1)=0,1
F(Q)=P(X <2)=P(X =1)+P(X =2)=0,1+0,16=0,26
F(3)=P(X <3)=0,10+0,16+0,20=0,46
F(4)=P(X <4)=0,10+0,16+0,20 + 0,24 = 0,70
F(5)=P(X<5)=0,10+0,16+0,20+0,24+0,20=0,90
F(6)=P(X<6)=0,10+0,16+0,20+0,24 + 0,20+ 0,10 =1,00
P(X =2)=P(X <2)-P(X <1)=0,26-0,10=0,16

Functional notation of c.d.f.:

0 x<l1
0,10 1<x<2
0,26 2<x<3

F(x)=40,46 3<x<4
0,70 4<x<5
0,90 5<x<6
1 6<x

Graph of c.d.f.:

Figure 2.3 Cumulative distribution function X

2.1.3 Mean and variance of a discrete random variable

Learning goals

] Calculate the mean (expected value), variance and standard deviation of a discrete
random variable.
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Mean of X

The mean of X, denoted as ¢ or E(X), means that the expected value of X and is defined by

the relationship

u=E(X)= Y xf(x)

Variance of X

The variance of X, denoted as o> or D(X), indicates the dispersion of X about x and is
defined by the relationship

0* = D(X) =Y (x— ) f(x) = Y f ()~ 7

Standard deviation of X

The standard deviation of X, denoted as o , is defined by the relationship

o=o” = D) = [Yx=u 1) = [Xr' ()=

Example 2.3

We determine the mean, variance and standard deviation of X (Example 2.1).
The probabilities of the values of X, we have calculated (see Example 2.1), are in the
following table.
sl v 23 a]s e
1x) | 0,10 ‘0,16 ‘ 0,20 ‘ 0,24 ‘ 0,20 ‘ 0,10

Then
,u:fo(x):lx0,10+2><O,l6+3><0,20+4><0,24+5><O,20+6><0,10:3,58

o’ =[Zx2f(x)j—ﬂ2 =
=(12><o,10+22><0,16+32 x0,20+4> x0,24 +5>%0,20 + 6 ><o,10)—3,582 =

=14,98-12,8164 =
=2,1636

o =Jo? =/2.1636 =1,47092
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2.1.4 Discrete uniform distribution

Learning goals

71 Describe the probability distribution of a discrete uniform random variable.
"l Determine the probability function, mean, variance and standard deviation of a discrete
uniform random variable.
Probability mass function of a discrete uniform distribution

A discrete uniform random variable X has an equal probability for each value in its range

{a,a+1,a+2,...,.b}, a <b (see Figure 2.4). Thus, the probability mass function of X has the

form
f(x)= , where x=a,a+1,...,b
b—a+1
Sx) 4
S - s e 2 -t
b-a+l | | i | |

| | i i i
i | i i i
i | i i i
| ! I ! [
a a-+l b

Figure 2.4 A discrete uniform distribution

The mean and variance of X are given by relations

—_— 2_
_atb . _(b-atl)-1
2 12

Y7,

Example 2.4

Suppose that six outcomes are equally likely in the experiment of casting a single die.
1. Probability mass function of the discrete uniform distribution
Determine the probability mass function of the number (X) of the die.
We know that X takes the values x =1,2,...,6, a=1 and b= 6. Thus, the probability
function of X'is

1 1 1
= =—, x=12,...,6
b—a+1 6-1+1 6

fx)=
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2. Probability
We find the probability that the number of points in the roll of the dice X in the experiment
is greater than two.

—1-

P(X>2)=1-P(X<2)=1-

1

2
=1

IS

2
3

| =

3. Mean, variance and standard deviation
We know that a =1 and b =6, then the mean, variance and standard deviation of X is as

follows:

a+b 1+6
= :—:3’5
H 2 2

o _(b—a+1)’-1_(6-1+1) -1
12 12

o =42,917 =1,708

=2,917=1,708

2.1.5 Binomial distribution

Learning goals

'l Explain the terms Bernoulli trial and binomial experiment.

1 Describe the probability distribution of a binomial random variable.

'] Determine the probability mass function, mean and variance of a binomial random
variable.

Binomial experiment
Binomial experiment refers to a random experiment consisting of » repeated trials which
satisfy the following conditions:

1. The trials are independent, i.e. the outcome of a trial does not affect the outcomes of
other trials.
2. Each trial has only two outcomes, labeled as “success and “failure®.
3. The probability of a ,,success ,,in each trial is constant and equals p.
In other words, a binomial experiment consists of a series of » independent Bernoulli trials
(see the definition of Bernoulli trial below) with a constant probability of success (p) in each

trial.
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Bernoulli trial

A Bernoulli refers to a trial that has only two possible outcomes.

E.g. Bernoulli trials

1. flipping a coin: £2 ={head, tail}

2. truth of an answer: 2 = {right, wrong}

3. status of a machine: 2 = {working, broken}
4. quality of a product: 2 = { good, defective}
5

. outcome of a task: (2 = {uspesny, neuspesny |

Probability mass function of Bernoulli random variable X is

1-p, x=0
f(x)={ P

D, x=1

The mean, variance and standard deviation of a Bernoulli random variable X are
p=p, o’=p(-p) and o=p(l-p)

Derivation of the relations for #, o* and o of a Bernoulli random variable

p=Y xf(x)=0x(1-p)+1xp=p
7 =T 10 |- =0 <=y xp) - = 0= )

Binomial random variable

A binomial random variable X represents the number of trials whose outcome is a ,,success*

out of n trials in a binomial experiment with a probability of ,,success* p (see Table 2.1).
General notation of a binomial distribution is X ~ Bi(n, p).

The probability mass function of X is
n X n—-x
f(x)= xp(l—p) , x=0,1,...,n

General notation of a binomial distribution is X ~ Bi(n, p).
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n!

n
Note. The number of combinations of x from » is equal to C, = =
X x!(n - x)!

The mean, variance and standard deviation of a binomial random variable X are

o =np(1-p)

p=np, o’=np(l-p) and

Table. 2.1 Properties of binomial distribution

Parameters
Distribution Population* Probability of ) Frequency of
. Number of trials o
,,SUCCESS ,,success
binomial infinite p = constant ° n = constant variable X

* If an item selected from a population is replaced before the next trial, the size of the

population is considered infinite even if it may be finite.

° If the probability of success p is constant, the trials are considered independent; otherwise,

the trials are dependent.

Example 2.5

A test has 50 multi-choice questions. Each question has four choices but only one answer is
right. Suppose that a student gives his/her answers by simple guess.

1. Probability mass function of a binomial distribution
Determine the probability mass function of the number of right answers (X) that the student
gives in the test.

Since a “right answer” is a success, the probability of a success for each question is

1
p= 2 =0,25. Thus, the probability mass function of X is given by the relationship

n X n—x 50 X 50—x
f(x)= p (1—p) = x0,25" x0,75"", x=0,1,2,...,50
X X

2. Probability
Find the probability that the student answers at least 30 questions correctly.

N 50 50— -7
P(X 230)=1-P(X <30)=1-) x0,25%x0,75°* =1,6x10
X

x=0
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3. Mean, variance and standard deviation of the correct answers
The calculation is as follows:

H=np=50x0,25=12,5

o’ =np(l—p)=50%x0,25%x0,25=9,375 and o =+/9,375 =3,0619

2.1.6 Hypergeometric distribution

Learning goals

1 Describe the probability distribution of a hypergeometric random variable.
'] Compare the hypergeometric distribution with the binomial distribution.
] Determine the probability mass function, mean, variance and standard deviation of a hy-

pergeometric random variable.

Hypergeometric random variable

A hypergeometric random variable X represents the number of successes in a sample of size

n that is selected at random without replacement from a finite population of size N consisting
of M successes and (N -M ) failures. Since each item selected from the population is not

replaced, the outcome of a trial depends on the outcome(s) of the previous trial(s). Therefore,
the probability of success p at each trial is not constant.

The probability mass function of X is given by the relationship

X n—x

MY (N-M
f(x)—( ]([NJ j;x=max{o,n+MN},...,min{M,n}

where N, M, n are natural numbers that meet inequalities: 1<n< N, 1<M < N.

General notation of a hypergeometric distribution is X ~ H(N,M,n).

The mean, variance and standard deviation of X are given by the relationships

N - M
and Gz\/np(l—p)N—_}; where p:ﬁ

N—-n
N-1

p=np, o> =npl-p)

Note. The variance of a hypergeometric random variable is different from the variance of a
binomial random variable by (N —n) /(N —1), which is called finite population correction

factor.
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Hypergeometric versus binomial distribution

In the hypergeometric distribution the population is finite and probability of success is

changing, whereas in the binomial distribution the population is infinite and the probability of

success is constant (see Table 2.3).

Table 2.2 The characteristics of binomial and hypergeometric distributions

Parameters
Distribution Population* Probability of Number of Number of
,,success* trials ,,successes
Binomial infinite p = constant ° n = constant variable X
Hypergeometric finite p is changing ° n = constant variable X

* If an item selected from a population is replaced before the next trial, the size of the
population is considered infinite even if it may be finite.

° If the probability of success p is constant, the trials are considered independent; otherwise,

the trials are dependent.

Example 2.6

Physical education tutor has prepared interview for a sample of ten randomly selected
students from the class. The class consists of 30 students, 20 of which are football players and
10 are basketball players.

1. Probability mass function of the hypergeometric distribution

Determine the probability mass function of the number of basketball players X in the sample.
We know that the population includes N =30 students. The number of selected

students is n =10. Since the number of basketball players is 10, M =10.

To determine the range of the number of basketball players (X) in the sample, calculate the

following:

maX{O,n—(N—M)}=max{0,10—(30—10)}=max{0,—10}=0
min{M,n}=min{10,10} =10
Therefore, the probability mass function of X is given by the relationship:
(Mj (N—Mj [10) (30—10} (10] ( 20 j
X n—x X 10—x X 10—-x
= = = ; x=0,1,2,...,1
f(‘x) N 30 30 B X Oa 9~y s O
n 10 10
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2. Probability
Find the probability that at least one basketball player is in the sample.

(1 Oj [ 20 j
0)\10-0
P(X21):1—P(X:0):1—T:1—0,006:O,994
o
3. Mean, variance and standard deviation of the number of basketball players in the sample
The calculation is as follows
_M_10_1
P N 30 3
1
,u=np=10><§=3,333

N-n 1 2 30-10
=10x—x=x

N-1 3 3 30-1

o> =np(l- p) =1,532567 =1,2379°

2.1.7 Poisson distribution

Learning goals

1 Explain the term Poisson process

'] Describe the probability distribution of a Poisson random variable.

"] Determine the probability mass function, mean and variance of a Poisson random
variable.

"1 Compare the Poisson distribution with the binomial distribution.

Poisson process

Suppose that the occurrence of an event over an interval (of time, length, area, space, etc.) is
countable and the interval can be partitioned into subinterval. Then a random experiment is
defined as a Poisson process (see Figure 2.5) if it is valid:

1. The probability of more than one occurrence in a subinterval is infinitesimal
(approximately zero).

2. The occurrences of the event in non-overlapping subintervals are stochastically
indecent-dent.

3. The probability of one occurrence of the event in a subinterval is the same throughout
all subintervals and proportional to the length of the subinterval.
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Possible O,withl—p [0,withl—p 0, with 1 —p
outcomes and or or s or
probabilities I, with p 1, with p 1, with p
/3 i Lo
Subintervals

Figure 2.5. Poisson process

In other words, the Poisson process is a binomial experiment with infinite » trials. For
example: the number of defects of product; the number of customers in a store; the number of
automobile accidents; the number of e-mails received.

Poisson random variable
A Poisson random variable X represents the number of occurrences of an event of interest in

a unit interval (of time, space, etc.) specified.

The probability mass function of X is given by the following relationship:

e—/l x

f(x)= , x=0,1,2,...

x!
The mean and variance of X are

u=2 and o’=21

Note. Use consistent units to define a Poisson random variable X and the corresponding

parameter 4. For example, the following pairs of X and A are equivalent to each other:

X A
counts/unit interval average no. of counts/unit interval
No. of flaws a disk 1
No. of flaws every 10 disks 10
No. of flaws every 100 disks 100

Poisson versus binomial distributions

In the Poisson distribution, the number of trials is infinite, whereas in the binomial
distribution the number of trials is finite (see Table 2.3). In other words, the Poisson
distribution with E(X)= A is the limiting form of binomial distribution with E(X)=np:
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X n—x -1 x
lim Bi(n, p) = lim(nJ P (1-p)~ = 1im(”J[ij (pij _e 4
x—»00 x| X -l x N\ n n x!

Proof. Poisson versus binomial distributions

Suppose that X is a binomial random variable with parameters n» and p , and let A =np.

Then
n . . n! ﬂ‘ X 2/ n—x
1i (1= =lim———| — == -
xgg(xJP (1-p) xggx!(n—x)!(nj ( ”)

:ixlimn(n_l)"'gn_x+l)(l—ijn(l—ij_x

x| x> n n n

Table 2.3 The characteristics of binomial and Poisson distributions

Parameters
Distribution | Population* L . No. of
Probability of ,,success* No. of trials .
,,Successes
Binomial infinite p = constant ° n = constant variable X
Poisson infinite p = A/n= constant n — infinite variable X

* If an item selected from a population is replaced before the next trial, the size of the

population is considered infinite even if it may be finite.

° If the probability of success p is constant, the trials are considered independent; otherwise,

the trials are dependent.
As n rises above all limits, then the following applies:

limn(n—l)---(n—x+l) _

X—>0 n

n -n/A |
lim(l—ij =lim|| 1+ ! =e
X—>00 n X—>0 (_”l//l)

lim(l —ij =1
X—>0 n

Therefore

-Aqx
lim(n]px(l—p)n_x _e A

1

X—>0 X
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Example 2.7

The number of customers who buy at a local store has a Poisson distribution with mean 5

customers every 10 minutes.

1. Probability mass function of the Poisson distribution

Determine the probability mass function of number of customers X per hour coming to the
local store.

The mean of X is

A=FE(X)=5 customers/10 min. x 60 min. = 30 customers /hour
Therefore, the probability mass function of X is given by the next relationship:

e—ilx B e—3030x
x!

fx)=

, x=0,1,2,...

2. Probability
Find the probability that 40 customers come to the local store in an hour.

e—30 3040

£(40) = P(X =40) = =0,014=1,4%

3. Mean, variance and standard deviation of the number of customers per hour

We calculate the mean and variance of X .

4 =2 =30 customers per hour

0*=2=30 and o =+/30=5,478

2.2 Continuous random variables

2.2.1 Probability distribution and probability density function

Learning goals

'l Explain the term probability density function of X.
71 Determine probability distribution of a continuous random variable by using the
corresponding probability density function.

Probability distribution

Probability distribution of a continues random variable X is unambiguously defined by the
probability density function £(x) or cumulative distribution function F(x).
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Probability density function

Probability density function f(x) of a continues random variable X satisfies the following

properties:

. f(x)=0

2. Tf(x)a’le

3. P(x,<X<x,)= J- S (x)dx pre arbitrary x, a x,

1

4. P(X=x)=0
From properties of density it follows that

P, <X<x)=Px<X<x)=P(x,<X<x,)=P(x, <X <Xx,)

Example 2.8
Suppose that X has the probability density function
e’, x>0
xX)=
/) {O, inde

Calculate the following probabilities: P(X <2), P(2< X <4) a P(X > 4).
2 2
a) P(X<2)= If(x)dx = J‘efxdx = [—efx ]z =0,86
0 0

4

b) PR<X <4)= } F(x)dx = je*dx =[] =—e*+e? =0,12

2

o0

¢) P(X >4)= T F(x)dx = j e *dv =lim(-e ™) +e™* =0,02

0

Note. P(X <2)+P(2< X <4)+P(X >4)=1

2.2.2 Cumulative distribution functions

Learning goals

1 Explain the term cumulative distribution function of X .

[1 Determine the cumulative distribution function of a continuous random variable.
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Cumulative distribution function (c.d.f.)

The cumulative distribution function of a continuous random variable X is

F(x):P(XSx):]if(u)du.

and satisfies the following properties:
1. 0<F(x)<1
2. F(x)<F(x,) if x, <x,

3. f(x)= d];(x) for all x for which the derivative exists
x
4. F(—0)=limF(x)=0 and F(0)=limF(x)=1

Other features of the probability density function and cumulative distribution function

l. P(X<x,)=F(x)= ]9 f(x)dx

2. P(x SXsz)zF(xz)—F(xl):Tf(x)dx

X

3. P(Xz2x)=1-F(x;)= Tf(x)dx

3

S(x)
!

Px< X< x,)=F(x, )-F(x))

/

Fx,)=P(X < x,) PX >x,)= 1-F(x,)

Xg x X, s

Figure 2.6 Properties of continuous distribution
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Example 2.9
Let the probability density function of X (Example 2.8) is

X

f(x):{e_ , x>0

0, elsewhere

Determine the cumulative distribution function of X. In the calculation we use the probability
density function of X. Then it holds

F(x)=P(X<x)= If(u)du = Ie_”du = [—e_”]z =~ "+e'=1-¢"
0 0
Therefore,

0 x<0

-, 0<x

F(X)={

2.2.3 Numerical characteristics of a continuous random variable

Learning goals

[l Calculate the mean, variance and standard deviation of a continuous random variable.

Mean of X

The mean (expected value) of X is given by the relationship:

u=EX)= Ixf(x)dx

Variance of X

The variance of X is

o0 o0

o =D(X)= [ (x=p f(x)dx = [ 2 f(x)dx— 4

—00 —0

Standard deviation of X

The standard deviation of X is given by the formula:

o =D(X)
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Example 2.10
The probability density function of X is defined (Example 2.8) as

X

e, x>0

A {O, inde

Determine the mean, variance and standard deviation of X.

1. The mean of X is
H= jxf(x)dx = J.xef"dx
0 0

We use the method of integration by parts and get:

X—>00 X—>00

MU= Txe_xdx = lim(—xe_x ) + Te_xdx =lim(e ™) +e" =1
0

2. The variance of X is

o’ = _[xzf(x)dx—,uz = _[xze_xdx — = sze_"dx—l
0 0 0

The integral is computed using the method per-partes:

Ixze_xdx =lim(-x’¢ )+ 0% + J.2xe_xdx = 2.[ xe 'dx=2x1=2
0 X—>0 0 0
Therefore,

azzsze*dx—1=2—1=1
0

3. The standard deviation of X is o =1.

2.2.4 Continuous uniform distribution

Learning goals

" Describe the probability distribution of a continuous uniform random variable.
"] Determine the probability density function, cumulative distribution function, mean,

variance and standard deviation of a continuous uniform random variable.
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Probability density function

A continuous uniform random variable X has a constant probability density function over
the range of X (see Figure 2.7):

1
f(xX)=1b-a
0 inde

pre a<x<b

Cumulative distribution function

A continuous uniform random variable X has a cumulative distribution function

0 x<a
F(x)= o4 asx<b
b—a
1 b<x
Sx) F(x)
1
| — o
b-—a ! :
a b X a b N

Figure 2.7 Continuous uniform distribution

The mean and variance of X are given by the following formulas:

_a+b

L= 2:(b_a)2

and o

,where a<x<b

Example 2.11

Suppose that a random number generator produces real numbers that are uniformly distributed
between numbers 0 and 100. Determine the probability density function, cumulative
distribution function, probability, mean and variance o the random variable generated.

1. Probability density function

We know that a =0 and b =100, then applies:

! = ! = 1 , 0<x<100
—a 100-0 100

f(X)=b

40



Random Variables

2. Cumulative distribution function

¢ 1
F0r0<x<100isF(x)=I du=—2 0 =x,then
©100-0 100-0 100-0 100
0 x<0
X
F(x)=9— 0<x<100
100
1 100 < x

3. Probability
Find the probability that a random variable (X) generated is between 10 and 90.

90 90
1 1 90 1 4
P10 X <90)= x)dx=|—dx=—x|x| =—x(90-10)=—
( ) IJ:)f( ) IJ:)IOO 100 [ ]‘O 100 ( ) 5
4. Mean and variance

Calculate the mean and variance of X.

_a+b 0+100
2 2
5 _(b—a)2 3 (100 —0)?
12 12

50

=833,333=128,8675°

2.2.5 Normal and standard normal distributions

Learning goals

"] Describe the properties of a normal distribution.
] Standardize a normal random variable.

1 Using statistical tables to calculate probabilities.

Probability density function

A normal random variable with mean x and variance o has the probability density
function

(x-p)’
1 e 267

—0o<x<w

) _ _

fx)=

o271

A normal (Laplace — Gauss) distribution with mean x and variance o*, denoted as

N(u,0%), is symmetric about x4 and bell-shaped (see Figure 2.8). The symmetry of a normal

curve implies
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P(X<p)y=P(X>pu)=0,5

The parameters x and o’ determine the center (location) and shape of the normal (Gauss)

curve, respectively. As illustrated in Figure 2.8, the larger the value of x, the more to the right

the center of the Gauss curve is located; the smaller the value of o, the sharper the Gauss

curve.
f(X) A c=1 62:1
s /\C
- | | >
u=>3 u =15 x

Figure 2.8 Gauss curves for selected parameter values x a 6

Probabilities of normal distribution

Selected probabilities of a normal distribution are displayed in Figure 2.9. The area under the
normal curve beyond 3¢ is quite small (less than 0,003). Since 99,73 % of possible values

of X are within the interval (4 —30,1+30), the range of 60 is considered as width of a
normal distribution.

Jix) A

U=36 u-26 u—-c u  u+c u+2c u+3c x
08,27%
95,45%
99,73%

-
-

-
Lt

A

Figure 2.9 Probabilities of a normal distribution

Standard normal random variable

Any normal random variable of X with the parameters x and & can be transformed to a
standard normal random variable of Z with the parameters z =1 and o* =1, denoted as

7~ N(0,1).
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Table 2.4 Relationship between cumulative distribution functions

Transformation
N(u,0?) - | N0,
X —
X > | Z S
o2
x J—
X - | Z= ~
o
F(x)=P(X <x) - | DP(z)=P(Z <2)

F(x)=d§(x_'uJ
(o2

Note. The value of z = A is called the z-score.

o
D(-2)=1-D(z) & O(-2)+P(2)=1

D(z)A
1

-z 0 z

Figure 2.10

To calculate the probabilities we use statistical tables, that contain values of the function

2

1 ¢ -
D(z2) :E j e % dt for given z.

43



Random Variables

Table 2.5 A brief overview of the comparison of normal and standard normal distribution

Distribution normal standard normal
N(u,c%) N(0,1)
Random variable X -
Y X z=2"H
o
Value of random X— U
z =
variable o o
Mean H=E(X)eR u=0
Variance o’ =D(X) o’ =1
Probability density el ()= ! =
. (x)= e ° o(z)= e
function J(x) o 27 NoT
for —ow<x<w for —0<z <@
F(x) vz
p-a It pl+tr * o==1 g o=1
Cumulative T _l(f;ﬂjz o) 1 j. _ézd
distribution o \/ﬁ __[O 7 J
function
for —w<x<wo for —0<z<®©
F (x) ?(2)
[ N —
j
X S Z
Properties — symmetrical about u — symmetrical about u

— has a bell shape

Plu—-o<X<pu+0)=68,27%
P(u-20<X<u+20)=9545%
P(u-30c<X <pu+30)=99,73%

— has a bell shape
P(-1<Z <1)=68,27%
P(-2<7<2)=95,45%
P(-3< X <3)=99,73%
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Example 2.12

Compute the following probabilities:

1.
2.
3.
. P(-1,09< Z <2,37)=®(2,37) - @(~1,09) =

P(Z>211)=1-P(Z<2,11)=1-0,98257 = 0,01743
P(Z<—-0,41)=P(Z >0,41)=1-P(Z <0,41)=1-0,65910 = 0,3409
P(Z>-291)=P(Z <2,91)=0,99819

= 0(2,37) - (1-@(1,09)) =
=0,99111—(1-0,86214) =
=0,99111-0,13786 = 0,85325

P(Z <-4,6) — is not in statistical tables, can be calculated using statistical software

Statgraphics, Minitab, Statistica, SPSS, SPlus and the other.

. We want to find the value z such that P(Z > z) = 0,02 . This probability expression can be

written as 1- P(Z <z)=0,02 < P(Z <z)=0,98. Now statistical table is used in reverse.

We search through the probabilities to find the value that corresponds to 0,98. Because we
do not find 0,98 exactly, we take the nearest value of the probability that is 0,98030,
corresponding to z = 2,06.

. We are finding the value of z such that P(-z < Z < z) =0,98. Because of symmetry of the

standard normal distribution, if the area of the shaded region in Figure 2.9 is to equal 0,98,
the area in each tail of distribution must equal (1-0,98)/2=0,01. Therefore, the value for z

corresponds to a probability of 0,99. The nearest probability in Table is 0,99010, when
z=2,33.

Figure 2.11
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Example 2.13

The line width of for semiconductor manufacturing is assumed to be normally distributed

with mean of 0,5 micrometer (um) and the standard deviation of 0,05 micrometer (um).

1. We calculate the probability that a line width is greater than 0,62 pm.
When the width of the line is marked as X its distribution is then X ~ N(0,5;0,05%). We
calculate the following probability:

P(X>0,62)=1-P(X £0,62)=1-F(0,62) =

0,62-0,5

:I—P(ZS le—P(Z£2,4):1—¢(2,4):

3

=1-0,9918=0,0082=0,82%

f{.l‘) {P(:) A

=Y
ta ¥

0,45 p=0,50,55 0,62

1-F(0,62)

(.1 S— :

1=0 0,62 1=0 24 z

Figure 2.12a Figure 2.12b
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2. We want to calculate the probability that a line width is between 0,47 um and 0,63 pm.
We calculate the following probability:
P(0,47< X £0,63)=F(0,63)—-F(0,47) =
:P(0,47—0,5 <7 0:63-0.5
0,05 0,05
=@(2,6)-(1-@(0,6)=0,9953-1+0,7257=0,721=72,1%

J:P(—O,6£Z£2,6)=

Sfix)
A @(z) A
4 ya
"/% ¥ t o
0.47 u=0,5 0,63 x - t f —
-0,6 0 2.6 z
F(x)
A D(z) A
| — 1 e
0,5 F(0,63)-F(0,47) 0.5
®(2,6) —p(-0,6)
0,47 11=0 0,63 -
0,6 H=0 2,6 z
Figure 2.13a Figure 2.13b
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3. We want to find the value of x below which is the 90% of values of the sample.
We are looking for the value of x for which is valid:

P(X < x)=0,90

2

Pl 2<% pz<2)=0.90
0,05

The closest value to the value of the probability 0,90, found in statistical tables, is 0,8997. The
corresponding value is z =1,28.

Then from *=0,5 =1,28, we get x =1,28x0,05+0,5=0,064+0,5=0,564.
Sfix) ?(z) A
A \
“/.' : f i > -
u=0,5 x=0,564 X Hn= 1,28
F(x) D(x) )
A
1
1 0,9
097
0,5 0.5 d(1,28)
F(0,546)
— = X = I
H=0,5 x=0,546 u=0 1,28
Figure 2.14a Figure 2.14b
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3 MULTIVARIATE RANDOM VARIABLES

3.1 Two discrete random variables

Learning goals

"] Determine joint, marginal and conditional probabilities for two discrete random
variables X and Y by using corresponding probability distributions.

7] Calculate the mean and variance of X and Y by using corresponding marginal
probability distribution.

"1 Calculate the conditional mean and conditional variance of X given Y =y (or ¥ given
X =x) by using the corresponding conditional probability distribution.
1 Assess the independence of X and Y.

Probability distribution of two random variables

Three kinds of probability distributions are used to describe the stochastic characteristics of

two random variables X and Y:
1. joint probability distribution
2. marginal probability distribution

3. conditional probability distribution

Joint probability mass function

The joint probability mass function (p.m.f.) of two discrete random variables X and Y, denoted

as f,y(x,y), satisfies the following conditions:
L fi(x,3)20
2. 3> fu(xy)=1
x oy

3. fu(xy)=P(X=x,Y=y)
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Marginal probability mass function

The marginal p.m.f.’s of X and Y with the joint p.m.f. f,,(x,y) are

Sr(x)= PX x ZfXY(xy)

fr(M=P(Y=y) foy(xy)

where R, and R, denote the set of all points in the range of (X, ¥) for which X =x and
Y =y, respectively.
The marginal p.m.f. £, (x) satisfies the following properties:

l. f,(x)=P(X=x)=0

2. ) fr(x)=1

Similar relationships can be applied to f, (»).

The mean and variance of X are

E(X) = uy :zxfx(x)
D(X):O-)z( =Z(x—,uX)2fX(x):ZXZfX(x)—,u/ZY

Conditional probability mass function

Recall that P(B|A) =P(ANB)/P(A) (see Section 1.3. Conditional probability). In parallel,
the conditional p.m.f. of X given Y =y, denoted as f X‘y(x) , with the joint p.m.f. £, (x,y)
is

P(X=xY =) _ fu(x.p)
P(Y =) 5 ()

The conditional p.m.f. 1 Xy (x) satisfies the following:
1. f Xy (x)=0

2. D [y (=1

fuy () =P(X =2V = y)=

Similar relationships apply to fy‘x( V).
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The conditional mean and conditional variance of X given Y =y are

E(X|y) = /u)(‘y = fo)(‘y(x)

X

D(X|y) N G;‘y - Z(x B ’uX\y)zfX\y(x) - zxzf)(\y(x) - :ui(\y
Similar relationships apply to E(Y| x), D(Y | x).

Independence

Two random variables X and Y are independent if knowledge of the values of X does not
affect any probabilities of the values of Y and vice versa. Thus, two independent random
variables X a Y satisfy any of the following:

L fy ()= £(0)
2 f =)
3. fa ()= () ()

Example 3.1

The number of defects on the front side ( X ) of a wooden panel and the number of defects on
the rear side (Y ) of the panel are under study.

1. Suppose that the joint p.m.f. of X and Y is modeled as
fow(y)=c(x+y), x=12,3 and y=1,2,3
Determine the value of c.

The joint p.m.f. of f,, (x,») must satisfy any of the following:

a) fu(xy)=c(x+y)=0
b) ZZfXY(an’) =1

For the first condition, ¢ >0 becausex >0 and y > 0.

Next, for the second condition:

iif(xay)ziidx+y)=36c:l = c=1/36

x=1 y=1 x=1 y=1

Therefore, the joint p.m.f. of X and Y is
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1
fw(x,y)zg(x+y), x=12,3and y=123

2. We determine the marginal p.m.f. of X. We find the mean and variance of X.
The marginal probabilities of X are:

fX(D=wa(1,y)=z%(1+y)=;_6.9=%

fx(z):ZfXY(Z,y):Z%(zJFy):%.]z:%

(3+y)=i-15:i

fx(3):foy(3’y):Z% 36 12

Note that fo(x) =D+ 2+ f,(3)=1.

The mean and variance of X are
3

E(X)=py =Y xf(x)=1-f,(D+2- f,(2)+3- [, (3) =

x=1

=1xl+2xl+3xi=2,17
4 3 12

D(X)=0" =[Zx2fx<x>]—u§ =

(P frM+27- £ 43 £, (3)) 217 =

[12 x%+22 ><§+32 x%j—z,nz =0,80?

3. We determine the conditional p.m.f. of Y given X =2. We find the conditional mean and
conditional variance of Y given X =2.

The conditional marginal probabilities of ¥ given X =2 are:

_Sw(@D _(1/36)2+D) 1
fY\z(l)— fx(z) - 1/3 —4
fXY(2,2)2(1/36)(2+2)_

1
fY\z(z)— fX(z) 1/3 —5
5

_Sw(@23) (1/36)(2+3)
Jp®)= £, 1/3 12

Note that " £,,(3) = f,,(D + f,,(2) + f,,(3) =1.
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The conditional mean and conditional variance of ¥ given X =2 are:
3
E(Y|2) = luyp = zyfy‘z(y) =1 'fy‘2(1)+ 2 fy‘z(z) +3 fy‘2(3) =
y=l

:1x1+2xl+3xi:2,17
4 3 12

3
D(Y|2) = 0'5‘2 = (Zyzfyz(y)j_:uiz =
y=1
=( £ (422 £,(2)+3 - £,(3)) =217 =
[exlirlip 2 -2,17* =0,80°
4 3 12

4. We verify that the number of defects on the front side ( X ) of the wood panel and the
number of defects on the rear side (Y ) of the panel are independent.
Check if

S LD =f (D £ (D)

1 1 1 1
We k that Lh)=—0+1)=—, H=— I)=—,th
e know that f,, (1,1) 36( ) 13 Sy (@) 4 a fy(1) 4 en

1 1 1 1
(fXY(l’l):Eji(fx(l)fy(l)zzxzzgj

Thus, the number of defects on the front side (X ) of a wooden panel and the number of
defects on the rear side (Y ) of the panel are not independent.

3.2 Multiple discrete random variables

3.2.1 Joint probability distributions

Learning goals

"1 Explain the joint, marginal and conditional probability distribution of multi discrete
random variables.

'] Explain the independence of multi discrete random variables.

Joint probability mass function

A joint p.m.f. of discrete random variables X, X,,..., X, is given by the relationship

fXIXz---Xn (x,%y,.0x,)=PX, =x,X, =x,,...,X,=Xx,)
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and defined for all x,,x,,...,x, in the range of X, X,,.... X .

Marginal probability mass function

Let the discrete random variables X, X,,...., X, have joint p.m.f. fy v y (X,%;,...,x,), then

the marginal p.m.f. of X, is

in(xi):P(Xi =Xx,)= Z leXz...X,, (X5 %p,5e5X,)

R(x;)

where R(x;) denotes the set of all points in the range of X, X,,..., X, for which X, =x,.

Independence

The discrete random variables X, X,,..., X, are independent if and only if

leXZWX" (xl,xz,...,xn)zle ()cl)fX2 (x,) ...fX" (x,) forall x,x,,...,x,.

3.3 Two continuous random variables

Learning goals

] Determine joint, marginal and conditional probabilities for two continuous random
variables X and Y by using corresponding probability distributions.

] Calculate the mean and variance of X and Y a continuous random variable by using
the corresponding marginal probability distribution.

] Calculate the conditional mean and conditional variance of X given ¥ =y and of ¥
given X =x by using the corresponding conditional probability distributions.

1 Assess the independence of X and Y.

Joint probability density function

The joint probability density function (p.d.f.) of two continuous random variables X and Y
satisfies the following:

L. fr(x,)20

2. T TfXY(x,y)dxdy:I

—00 —00
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Marginal probability density function

The marginal p.d.f.’s of X and Y with the joint p.d.f. f, (x,y) are
Fr()= [ f )y
1100 = [ Sy ()
The marginal p.d.f. of X satisfies the following:
l. fy(x)=0
2. j fo()dx =1

The mean and variance of X are

E(X) = py = [ of  (x)dx

X

D(X)=0% = [(x =y ) fr(x)dx = [ ¥ f, (x)dx — 4,

X

Conditional probability distribution

The conditional p.d.f. of X given Y = y with joint p.d.f. f,, (x,») is

Sy (X, )

T Y=

The conditional p.d.f. f Xy (x) satisfies the following:
1. f Xy (x)=0
2. j Sy (D)dx =1
The conditional mean and conditional variance of X given ¥ = y are

E(X[y)=py, = [ oy, ()

D(X[) =075, = [ (= ta,) o, Dy = [ V£, 0y =18,

Similar relationships apply to £, (), E(Y), D(Y), f(Y|x), E(Y|x), D(Y|x).
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Independence

Two continuous random variables X and Y are independent if any of the following is true:
L. fx\y(x) =[x (x)
2. £, = £ )
3. fr(ey)=f ()£ (¥)

Example 3.2

Two measurement methods are used to evaluate the surface smoothness of a paper product.
Let X and Y denote the measurements of each of the two methods.

1. Suppose that the join p.d.f. of X and Y is modeled by
fo(,y)=c, 0<x<4, x-1<y<x+l1
Determine the value of c.

The ranges of X and Y are given in the following picture. Note that the range of
integration for X is divided into two parts:

[.0<x<1l,0<y<x+1 and Il 1<x<4, x-1<y<x+1

yll
5 y=x+1
4_

y=x-1
3

190

2
4
0 1 2 3 4 p 7

Figure 3.1

The joint p.d.f. of X and Y must satisfy:
a) fy(x,y)=c=0

b) [[ fi (x )y =1

For the first condition, ¢ >0 because x>0 and y > 0.

According to the second conditions we calculate:
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1 x+1 4 x+1

ijxy(x v)dxdy = _[ j cdydx-i—j I cdydx —c_[(x+1)dx+cj2dx—

1 x-1

_ C{Exz}l +[x]10J+c([2x]f) :%c+6c ~7,5¢=1

c=1/7,5=2/15
Then the joint p.d.f. of Xand Yis

(5, y)=—, 0<x<4, x—I<y<x+1

2. We find the marginal p.d.f., the mean and variance of X.

The marginal p.d.f. of X'is

L) = [ [ G, )y =

x+1
idyzi 2=—, l<x<4
215 15
The mean and variance of X is
) ¢4
E(X)= =|xf(X)dx=|—x(x+1Ddx+ | —xdx =
(X) =, !f() !15< ) !15

1 1
_2 Fﬁ} +‘:le} +3([ 7 ):3 3. 205D
51137 ], 127 ), )15 156 15

9
D(X)=0; U f(x)de— 2=(j%x2(x+l)dx+j%x2dx]—(% -

e LBl TH -

2
2. 7,46 (DY 9 oo
1512 15 3 \9) ~8lo

3. We find the conditional p.m.f., conditional mean and conditional variance of Y given
X =2.

The conditional p.m.f. of ¥ given X =2 is

fxy(2,y):2/15:l, I<y<3
£ (2) 4/15 2

fy‘z(y):

The conditional mean and conditional variance of ¥ given X =2 are
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3 Lo o 11T :
E(Y‘Z)Zﬂy\z =nym(y)dy=gjydy=5{By } J=i'(3 -D=2

3 3
1
DY ‘2) =07, = [V f(dy — 15, = 3 [ydy-2°=
1 1
A B R B 2 2
=—||zy | |-2"=—(3-1)-2"=0,33=0,58
20137 |, 6
4. Independence
Check if f,,(») = f, (»):

fo@y) 1
f:@) 2

Note that range of X for 1< y<3isy—Il<x<y+1.

fy‘z(y)z s 1<y<3

Then the marginal p.d.f. of Y for 1<y <3 is

L= fn(x,wdx:yf %dx =%([x]jj) =%, l<y<3

y-1
. 1 4
Since fy‘2 (») :E = f,(») :E , the measurement of the two methods X and Y are not

independent.

3.4 Multiple continuous random variables

Learning goals

'] Explain the joint, marginal and conditional probabilities of multiple continuous random
variables.

"1 Explain the independence of multiple continuous random variables.
Joint probability density function
The joint p.d.f. of multiple continuous random variables X, X,,..., X, satisfies the following:

1. leXz_._X” (x,%y,..,x,) 20

o0

2. T T"'IfX1X2-~-Xn (), %y ,0005x, )dx,dx, . ..dx, =1

—00 —00 —00
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Marginal probability density function

When fy ¢ (X,%,,...,x,) is the joint p.d.f. of the continuous random variables X,, X, ...

X, then the marginal p.d.f. of X, is

Lo G = [ [ Farsw, (%0, )y, . dx, d, .,

R(x;)

where R(x,) is the set of all points in the range of X,,X,,..., X, for which X =x,.

Mean and variance

The mean of X, is given by

0

E(X,)= T T J.xifXIXZWX” (X, Xy, X, )dx,dx, ...dx,

The variance of X, is given by

D(X,)= j j j (X, = ) fyoxsox, (3% X, )X, dx, ... dX,

—00 —00 —00

Independence of random variables

The continuous random variables X, X,,..., X, are independent if and only if satisfies:

leXZ...Xn (%X}, X500 X,) = fX, (x, )sz (x2)---fxn (x,)

for all x,,x,,...,x,.

3.5 Covariance and correlation

Learning goals
"1 Explain the terms covariance and correlation between two random variables X and Y.
[1 Calculate the covariance and correlation coefficient of the random variables X and Y.
Covariance

The covariance between two random variables X and Y (denoted as cov(X,Y) or o)

indicates the linear relationship between X and Y:

O-XY:E[(X_ﬂx)(Y_ﬂY)]:E(XY)_ﬂX,uY’ TO<Oyy <©
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Derivation of the relationship
E[(X = u )Y = )] = E[XY = 10, Y — i, X + s 4, ] =
= E(XY) = py EQY) =ty E(X) + o pty, =
= E(XY) =ty ty — iy e + Hy by =
= E(XY) = gttty
Covariance properties:
1. cov(X,Y)=cov(Y,X)
2. cov(X,Y)<D(X)-D(Y)

3. o,, depends on the variances of X'and Y

Correlation coefficient

The correlation between two random variables X and Y represents the normalized linear

relationship between X and Y (o, normalized by o, and o, ):

cov(X,Y) o

P = IDODEY) ooy

Properties of the correlation coefficient:
L. P xy E[—l;l],
2. p,y =1 —direct linear dependence; with increasing values of X the values of Y increase,

3. p,y =—1 —indirect linear dependence; with increasing values of X the values of ¥
decrease,

4. p,, 1s a dimensionless.

Independence of X an Y
When X and Y are independent, then
Oy =Py =0

This is only necessary (not sufficient) condition for the independence of X and Y. In other

words, even if o,, = p,, =0 we cannot say that X and Y are independent.

Covariance matrix
The covariance of random variables X a Y was defined above. Let us have a random vector

(X X2, X, )T =x"T , then we can define the covariance matrix.
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The covariance matrix of the random vector (X 1, X250 X, )T =xTis

011 O12 -+ Oqp
O' 6 cee J
p=|72 o2 o
Onl Op2 0 Oy

where

oy = COV(X X jl i,j=1,2,...n, i # j are the covariance between the components of a
random vector;

oj = COV(X i X ) = 0',?‘ , 1=1,2,...,n are the variances of the individual components of a
random vector.

The covariance matrix is a square and symmetric matrix. When any two elements of a random
vector are independent or at least uncorrelated, then the covariance matrix is diagonal. This

means that the elements out of diagonal are equal to zero. In addition, if the variances of all

the variables X; (i =1,2,...,n) are the same, D(xl-)z o2 (i=1,2,...,n), then the covariance

matrix of the random vector (Xl,Xz,...,Xn )T = X" has the form X =c2E , where E is

identity matrix which means that the diagonal elements are equal to one and the others are

Z€ro.

Correlation matrix

Correlation matrix of a random vector (Xl , Xo,n X, )T =xTis

L py, -
e
pn] an 1
where
cov( X, X, o,
Py = ( ! ) =—2—, i,j=1,2,...n, i# j the correlation coefficient between the

0,0, - 0,0,
i-th and j-th component of the random vector;
~ cov(X,, X,) o

L =—0_=1,i=1,2,..,n is the correlation coefficient between the i-th
0,0, 0,0,

and i-th component of the random vector.
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The correlation matrix is square and symmetric matrix. When any two elements of a random
vector are independent or at least uncorrelated, then the correlation matrix is identity matrix.
Example 3.3

The number of defects on the front side ( X ) of a wooden panel and the number of defects on
the rear side (Y ) of the panel are under study (Example 3.1). Calculate the value of the
covariance and correlation coefficient.

We known that joint p.m.f. of X and Y is fn(x,y):%(x+y), x=1,2,3 and

y=1,2,3, then applies:

EQY) =Y ayf (x.7) = %szyoc )=

y=1 x=1 y=1 x=1

:%[1.1.(1+1)+2.1.(2+1)+3.1.(3+1)+...

+1~3~(1+3)+2-3-(2+3)+3~3-(3+3)]:%x168=4,67

From the symmetry of f,,(x,») is known that x4, = 4, and o, =0, . In Example 3.1

was calculated x, =2,17 and o, =0,80. Therefore
Oy =E(XY)—p,u, =4,67-2,17x2,17=-0,04

o —-0,04
Pxy = &

- _ =-0,06
o,0, 0,80x0,80

Thus, there is a weak negative correlation between the number of defects on the front
side ( X' ) of a wooden panel and the number of defects at the rear side (Y ) of the wood panel.

Example 3.4

Consider two measuring methods (Example 3.2).
a) Calculate the value of the covariance and correlation coefficient.

b) Determine the covariance and correlation matrix.
.. 2
We know that measurements of X and Y have joint p.m.f. f,,(x,y) :E, O0<x<4,

x—1<y<x+]1, then:

4 x+l D) ) 4 yz x+1 4
E(XY):_([LXJ’Edydx:EOX{T} dx=— | x*dx =
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4{X3:|4
15| 3 .

4 64256

=——=15,68888

15 3 45

The mean and variance of X were calculated in Example 3.3: x, =2,11 and o, =1,11

To be able to calculate the value of the covariance and correlation coefficient, it remains to

calculate y, and o, .

The region of integration for variable Y is divided into three parts:

LO0<y<1,0<x<y+1
II. 1<y<3, y-I<x<y+l
II. 3<y<5, y-l<x<4

The marginal p.d.f. of Yis

5= foGeyyde=1

The mean and variance of Y are

J; y=x+1
4t
III- yzx_l
3
3 L II.
|
1
0 1 2 3 4 X

v+l

jidxz—(yﬂ), 0<y<l
15

y+1

J.idx—ix2:—, I<y<3
15 1

y-1

4

2 2
Zdx==(5-y), 3<y<5
)Jlls 507 y

1 3 5

2 4 2
EY)=u, = dy=|— +Ddy+|—vdy+|—y(5-y)dy =
Y)=u, !yf(y)y llsy(y )dy !lsyy llsy( »y)dy

Al TRl )
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L 16, M 0T ) 1ss6

9 15 45 45

Dm:U?=[Jy2f(y>dyj—ﬂi=I%y2<y+1>dy+J%y2dy +[ 5= )y [ZZ) _

3

i% (y+1)dy+f ydy+f Y (5= y)dy - (ZZ) =

HAL AT e

0

7,104 168) (97 5617, seco) 1 7767
90 45  45) \45) 4050

a) Then the value of covariance is

256 190 97 461
oo = E(XY)— g =220 190 97 461307
o = BT ) =ttty == = 45 = 305

And the value of correlation coefficient is
461
Py 405 =0,872386
aXaY \/989 5647
810 4050

b) For the random vector (X, ¥)' = X" from the calculated values can be determined

pe 1 py _ 1 0,87
Pyy 1 0,87 1
and covariance matrix

5 Ow Oy | _ oy Oy 3 LI 1,14
Ow Oy ) \oy o, 1,14 1,18

correlation matrix
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3.6 Bivariate normal distribution

Learning goals

"1 Explain the joint probability density function of bivariate normal random variables.
"] Determine the joint, marginal and conditional probabilities of bivariate normal random
variables.

Bivariate normal random variables

The joint probability density function of two normal random variables X and Y with means

1, and g, variances o, and o, and correlation coefficient p,, (=1< p,, <1)is

S (X,9) =

1 (x— )’
2 eXp{_21 2 { 2X N
27[0X0'Y\/1—pxy (I-pyy) Oy

_2pxy(x_ﬂx)(y_ﬂy)+(y_,uy)2 —00< X,y <0
OOy 0-1% , ’

Hy My Hy

=Y

My F My E; My
Figure 3.3 Bivariate normal distribution with different values of p,,
Marginal probability distribution

The marginal probability distributions of X and Y are normal with means x, and g, and

. 2 2 .
variances o), and o, , respectively.

Conditional probability distribution

The conditional probability distribution of ¥ given X = x is normal with mean

O,
E(Y|x) = Hy + Pxy O__Y(x_/ux)

X
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and variance
D(Y|x)=0o7(1-piy)

Example 3.5

Let X and Y represent two dimensions of an injection molded part. Suppose that X and Y have

a bivariate normal distribution with means u, =3,00 and g, =7,70, and variances

oy =0,04” and o, =0,08’. Assume that X and Y are independent, i.e., p,, =0. Determine

probability that 2,95 < X < 3,05 and 7,60 <Y <7,80.

Because X and Y are independent,
P(2,95< X <3,05;7,60<Y <7,80)=P(2,95< X <3,05P(7,60<Y <7,80)

By standardizing both X and Y we have:

P(2,95< X <3,05) = P(

2,95-3,00 X —p, _3,05-3,00)_
0,04 oy 0,04

= P(-1,25< Z <1,25)=P(Z <1,25)— P(Z <—1,25) =
=0,894 0,106 = 0,789

P(7,60<Y <7,80) :P(7’60_7’70 R 730—7,70}

0,08 oy 0,08
=P(-1,25<Z <1,25)=0,789
Thus,
P(2,95< X <3,05;7,60<Y <7,80)=0,789x0,789 =0,623

3.7 Linear combinations of random variables

Learning goals

71 Explain the term /inear combination of random variables.

[1 Determine the mean and variance of linear combination of random variables.

Linear combination

A random variable Y is sometimes defined by a linear combination of several random
variables X, X,,...,X,:

Y=kX +kX,+...+k, X, , where k;’s are constants

66



Multivariate Random Variables

Rules for linear combination

The following rules are useful to determine the mean and variance of a linear combination of
Xand Y.

1. Rules for means
a) E(b)=>
b) E(aX)=aE(X)
¢c) E(aX+b)=aE(X)+b
d) E(aX £bY)=aE(X)LbE(Y)
e) E((aX)')=d"E(X")
where a, b, k are constants.
2. Rules for variances
a) D(b)=0
b) D(aX)=a’D(X)
¢) D(aX +b)=a’D(X)+D(b)=a’D(X)
d) D(aX £bY)=a’D(X)+b*D(Y)+2abcov(X,Y)
D(aX +bY)=a’D(X)+b*D(Y), if X and Y are independent.

Note. Notice that cov(X,Y) =0, = p,, 0,0,

The rules 1d) and 2d) can be extended for ¥ =k X, +k, X, +...+k, X, as follows:

E(Y)=kE(X)+kEX,)+...+k E(X )= ikl.E(Xi)

i=l1

n-1 n
DY) =klE(X,)+k;E(X,)+...+k’E(X,)+ 22 Z kk, cov(X,, X,)=

i=1 j=i+l

S S EX) 23 S kk cov(X,. X))
i=1

i=l j=i+l

Example 3.6

The width of a casing X and the width of a door Y (both variables in meters) are normally
distributed with means x, =0,61m and g, =0,51m, and standard deviations o, =0,0030m
and o, =0,0015 m, respectively. Assume that the width of the casing X and the width of the

door Y are independent. Determine the mean and standard deviation of the difference between
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the width of the casing X and the width of the door Y.
X ~N(0,61;0,0030%), Y ~ N(0,51;0,0015%) and cov(X,Y)=0, because X and Y
are independent.

Therefore,
E(X-Y)=E(X)-E(Y)=0,61-0,51=0,10m

D(X -Y)=D(X)+D()-2cov(X,Y)=0,0030>+0,0015* —0=3,15-10"°

3.8 Moment generating functions

Learning goals

'l Explain the term moment generating function.
"1 Determine the moment generating function a kth moments of a random variable X.

7] Find the mean and variance of X by using the first and second moments of X.

Moment generating function
The moment generating function of a random variable X (denoted as M , (¢)) is the expected

value of €”, i.e.,

Ze”“ f(x,), if Xis adiscrete random variable

M ()=E(e") =1
J e” f(x)dx, if X is a continuous random variable

—00

The moment generating function of X is unique if it exist and completely determines the
probability distribution of X. Thus, if two random variables have the same moment generating
function, they have the same probability distribution.

Moment
If M\P(¢) denotes the kth derivative of M, (), the kth moment of X about the origin (#=0)
1s

fo f(x,), if Xis adiskrete random variable

E(X")=M(0) =
_[ x* f(x)dx, if X is a continuous random variable

—00
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Derivation of the relationship
We know that the kth derivative of M ,(¢) 1s

Zx" e” f(x), if Xisdiscrete random variable
d'M, (1) _ |

k 0
dt J. x*e” f(x)dx, if X iscontinuous random variable

—00

M) =

Application of moments
The mean and variance of X can be determined by using the first and second moments of X:

py = E(X) = M’ (0)
o2 = E(X*)~[E(X)] = ML(0)~[M'(0)]

Example 3.7

The geometric random variable X has probability distribution

f(x)=pd-p)™", x=1,2,....n

1. We find the moment generating function of X.
From the definition of moment generating function we get

M ()= ¢ f(x)= e p(—p)~ =3 pe [1-p)e' |

Note that the sum of the infinite geometric sequence (a,ar,ar’,...) is

S= Z:ar”"l = " a , Where |r| <1

n=1 -r

Thus

t
pe
M,(t)y=—"—
O e
2. We determine the mean and variance of X by using the first and second moments of X
about the origin.

The first moment of X about the origin (¢ =0) is

dMX(t)} ) d{pe’[l—(l—p)ejl}

M ()= { di dr

t=0
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_|_ped  p-pe | p . p-p) _
=(=-p)¢ [1-a-ppe] | 1-0=p) [1=0-p)]

_p pd-p) 1

p P p

The second moment of X about the origin (¢ =0) is

M&L(O){—d ]Z’;(I)} =[—d”;);(’)} -

d{pe: [1- _p)et}‘l} d{p(l -p)e[1-(@ —P)e’]z}
- " * dar )

t=0 t=0

_1 | 2p(=p)* | 2p(i-p)e”
po|[1-(-pe'] [1-0-p)]

t=0

— — n)? _ N2
1, 2p(-p)  2p(-p)y _1 2p(-p) 2p(-p) _

p [1-0-p] [1-a-p] » 7P P’
_1, 20-p 20 —zp)2 _2-p
P P p P

Therefore the mean and variance of X are

e = ECX) = Mi(0) =

o2 = E(X))~[E(X)]" = M3.(0)~[M,(0)] =

p \p p’
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3.9 Chebyshev’s inequality

Learning goals

'] Explain the use of Chebyshev’s inequality rule.
| Bound the probability of a random variable X by using Chebyshev’s inequality rule and
compare the bound probability with the corresponding actual probability.

Chebyshev’s inequality

A relationship between the mean and variance of a random variable X having a certain
probability distribution is formulated by Chebyshev as follows:

P(|X—,u|2ca)£ciz, c>0

By using Chebyshev’s inequality rule, a bound probability of any random variable can be
determined. In Tab. 3.1 are presented bound probabilities of a normal random variable X with

parameters £ and o and corresponding actual probabilities.

Tab. 3.1 Bound probabilities and actual probabilities of a normal random variable X

Probability condition Bound probability
¢ P(X — 42 co) 1/ Actual probability
1,5|  P(x-u=150) 0,444 0,134

2 P(|X - 4>20) 0,250 0,046

3 P(|X -y = 30) 0,111 0,003

4 P(|X -y >40) 0,063 <0,001

The actual probability is calculated by adjusting the probabilistic relationship as follows:
X -4
P X —u|> =P|——>c |=P(|Z|zc)=1-P(|Z =
(1X -4z o) ( ——zc|=P(|Z]zc)=1-P(|Z] <c)

=1-P(-c<Z<c)
When the last relationship gradually substituted for ¢ values 1,5; 2; 3; 4 and do the
calculation, we obtain the value of the actual probabilities (Tab. 3.1).
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Example 3.8

Suppose that the photoresist thickness X in semiconductor manufacturing has a continuous
uniform distribution with a mean of 10 pm and a standard deviation of 2,31 pm over the range
6<x <14 pum. We bound the probability that the photoresist thickness is less than 7 or
greater than 13 pum. Then we compare the bounded probability with the actual probability.

The probability density function of the uniform random variable X is
1 1 1
X)=——=——=—, 6<x<14
S b—a 14-6 8
Using Chebyshew s inequality we get:
P(X<7)+P(X>13)=P(X-10<7-10)+ P(X -10>13-10) =
=P(X-10<-3)+P(X-10>3)=

=P(|Xx -10>3)=P(|X -10|>co) <1/

3

Therefore 3=c-0=¢-2,31 = ¢c=——=1,3
2,31

Then the bound probability is

P(|x -10]>3)< 1oL o5

¢ 1,30°
and the actual probability equals
Tl I 6
P(X<7)+P(X>13):1—P(7<X<13):I—Jgdx:l—g[x]: =1—§=0,25

7

The actual probability is less than the bound probability, which supports the Chebyshev’s
inequality.
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4 CREATION OF RANDOM SAMPLE AND DESCRIPTIVE
STATISTICS

Learning goals

"1 Recognize the difference between population and random sample.

Describe the terms random sample and statistic.

Distinguish between the terms statistic and value of the statistic.

Distinguish between the terms ordered random sample, order statistic and value of or-
der statistic.

1 Explain why picking a representative random sample is important in research.

O O O

Population

Probability distribution is often used as a model for a population. The population that is
normally distributed with parameters x and o, is called normal population or population

with normal distribution. For example a design engineer may consider as normal population
all values of the internal diameter of the piston ring automobile engine.
Random sample

Random sample is taken from the population under study, which is created by a certain ran-

dom mechanism, to avoid bias (over- or underestimation).

Consider a random variable X with distribution function F(x) and experiment, the re-
sults of which can be regarded as the value of this random variable. When we make n trials in
a given experiment independently and under the same conditions, we get n observations

X;»X,,..., X, , Wwhich represent the values of random variables X, X,, ..., X,.

Exactly is a random sample defined as follows:

The random variables X, X,, ..., X, make random sample of size n if:

1. are independent of each other,
2. every X, has the same probability distribution f(X).

Thus, the joint probability density function (mass function) of X,, X,, ..., X, is

n

fxlxz.“xn(xl’xza---axn) = f(Xl)f(Xz)"' f(xn)
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Statistic

A statistic is a function of random variables X,, X,, ..., X, from a random sample, which

does not depend on the parameters of the probability distribution of the random variable X .
The obvious is that statistic is a multivariate random variable, denoted generally by
T(X,, X,y X))

Value of statistic

The value that can acquire statistic T(X,, X,,..., X,) in one random sample realization

X5 X5, ..., X, 1s called a value of statistic and denoted T (X, X,,..., X,,) .

15 Ros e

Ordered random sample and its realization

Let us have observations X, X,,...,X,, which are realizations of a random sample
X, X,,...,X,. When we arrange observations by size in ascending order we get

X X

n-

X1y £ Xy <+ < X,y » What are realization of an ordered random sample X, X, ,...., X, .

Order statistic and its value

A random variable X ., from an ordered random sample represents the ith order statistic and a

(1

value X is the value of ith order statistic.

4.1 The numeric methods of descriptive statistics

Learning goals

"1 Describe the basic statistical characteristics and their values used in descriptive statis-

tics.

The most commonly used statistics and their values

o Sample mean X Value of sample mean X

- 1 1<
nZ ' X ngx'

i=1

A sample mean characterizes the central location of data.
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« Sample variance S’ Value of sample variance s’

A sample variance characterizes the variability of the data.

o Sample standard deviation S Value of sample standard deviation s
ey 1 < o =y 1 3
S = Sz =\/_IZ(Xi_X)2 S = 32 =\/—IZ(Xi—)_()2
n—153 n—153

A sample standard deviation charakterizes the variability of the data.

« Sample standard error Value of sample standard error

S 1 n —\2 S 1 4 2
ﬁ:\/n(n—l);(x‘ -X) ﬁ:Jnm—l);(x‘ %)

A sample standard error charakterizes the variability of sample mean of the data.

Other basic statistical characteristics used

« Value of sample median X, =X

divides the ordered data set X, X, X(n) into two equal parts. In this data set the sample

median represents the percentile X;, and also the second quartile ¢,, that is
=X=X

X

med 0,50 — Q-

 Percentile X
The procedures to find a value of p—percentile X, from n ascendingly ordered observa-
tions X, X)---, X, are as follows:

Step 1: we calculate the position number r by using n and p

_|np, if n is odd
(n+1)p ifniseven
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Step 2: we determine X, based on the position number r

X(r)> if r is an integer
XP

Xirp + (X(M) - X<Lrj))(r - LrJ), if r is not an integer,

where the symbols | r'| means ,,rounding up* and | r | ,,rounding down.

A value of percentile x, for p= {0,25; 0,50; 0,75} is called a value of quartile of the data

set. The following three values of guartiles divide a set of data into four equal parts in as-
cending order:

— first (lower) quartile D0, = X5
— second (middle) quartile (median) : @, = X5,

— third (upper) quartile D0y = X0

o Value of sample mode x_ , =X

mod
is the most frequently occurring value in the data. Data set can have no mode, one mode
(unimodal), or more modes (bimodal, trimodal, etc.).

e« Minimum X_.

is the minimum value of a realization of a sample, that is a set of data X, X,),-.., X

()
e Maximum X

is the maximum value of a realization of a sample, that is a set of data X, X,)>- -, X(n) *

« Sample range
is the difference between the maximum and minimum value of a data set X1ys X2yse-0s Xy *

R=x_ —-x. =X

max min (n)

= Xy

 Value of lower (first) quartile g, = X ,;
is the value dividing the data set X(ys X2ya+++» X(n) into two parts such that 25 % of the val-
ues is not greater than this value and 75 % of the values is not less than this value.
 Value of upper (third) quartile g, = X, ,;
is the value dividing the data set X, X)5.., X(n) into two parts such that 75 % of the val-
ues is not greater than this value and 25 % of the values is not less than this value.

« Intequartile range (IQR)

is the difference between the upper quartile and lower quartile of a data set:
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IQR = 05 — 0, = X735 = Xo25

o Sample skewness expresses the asymmetry of a frequency distribution of the data set

X5 X5, ..., X, . The measure of this asymmetry is sample skewness coefficient:

nZn:(xi -X)’
(n I—_1)(n -2)s

T, pren=>3as#0

o Standardized sample skewness coefficient is normally distributed N(0,1) for n >150:

n;(xi ~X) /\/E
(n-1)(n-2)s’/ \'n

Note. For symmetrical frequency distribution, this coefficient is equal to zero. For distri-

bution skewed to the left, this coefficient is negative. For distribution skewed to the right
this coefficient is a positive.

o Sample kurtosis expresses the taperness of a frequency distribution of the data set

X5 X5, ..., X, . The measure of this taperness is sample kurtosis coefficient:

n(n +1)§(Xi -x)* RS
(n—=1(n-2)(n-3)s* (n-2)(n-3)

pren=4 as#0

o Standardized sample kurtosis coefficient is given by:

n(n+1);(xi -x)* ) 3(n—1)° \/ﬁ
(n-1)(n-2)(n=3)s* (n-=2)(n-3) n

Note. For values from the normal distribution the coefficient is approximately equal to ze-

ro. In comparison with normal distribution, a positive value of the coefficient means the
distribution is more acute, while a negative value indicates a flatter distribution.

« Sample variation coefficient (v %) measures the magnitude of the standard deviation val-
ue as a percentage of the sample mean value according to:

\/ lli(xi_7)2
S c100= YT %100
X X

77



Creation of Random Sample and Descriptive Statistics

4.2 Graphical methods of descriptive statistics

Learning goals

"1 Explain the use of stem-and-leaf diagram.

] Construct a stem-and-leaf diagram to visualize a set of data.

1 Explain the terms frequency, relative frequency, cumulative frequency a cumulative rel-
ative frequency.

Explain construction of a frequency table.

Explain construction of a histogram and polygon from the frequency table.

Explain the use of a box plot.

O O O O

Explain the use of a normal probability plot.
Stem-and-leaf diagram

A stem-and-leaf diagram is a good tool to graph a data set X(ty> X2y5--+> X(n)» where each num-

ber contains at least two digits. The following steps are applied to construct a stem-and-leaf
diagram:
Step 1: Determine stems and leaves.
Divide each number X;, into two parts: 1. stem for the “significant” digits (one or
two digits in most cases) and 2. leaf for the “less significant” digit (last digit usual-

ly). The analyst should exercise his/her own discretion to determine which digits
are most significant with consideration of the range of data.

Step 2: Arrange the stems and leaves.
The stems are arranged in ascending order. Then, beside each stem, corresponding
leaves are listed next to each other in a row. The leaves of each stem are arranged in
ascending order.

Step 3: Summarize the frequency of leaves for each stem.

Example 4.1

From the following data we construct diagram stem-and-leaf, which represents the frequency
distribution diagram.

[ X, i X, [ X [ X

1 24,0 5 223 9 21,8 13 23,2
2 22,4 6 22,6 10 32,2 14 23,9
3 22,4 7 25,2 11 23,9 15 23,8
4 24,3 8 24,1 12 23,5 16 21,7
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Solution

First, the data is arranged in ascending order:

i XG) i Xi) i Xi) i Xi)

1 21,7 5 22,4 9 23,5 13 24,0
2 21,8 6 22,6 10 23,8 14 24,1
3 223 7 23,2 11 23,9 15 243
4 22,4 8 23,2 12 23,9 16 252

Let the first two digits of the data form the stems. We list the stem values in ascending order
into the column. Then we make a vertical line and write the leaf of each observation into the
horizontal line of the corresponding stem. In this way we obtain the resulton on Figure 4.1.

Stem Leaf Frequency 9
21. |78 2 9
22. 13446 4 = 6 8
(]
23.1225899 6 — 4 5 3
24.1013 3 8 4 2 1
25. 12 1 7 3 2 0 2
Stem | 21. 22. 23. 24. 25.
Figure 4.1 A stem-and-leaf diagram Figure 4.2 Shape of the distribution

When we turn the diagram on the left hand side and look at columns of numbers above the
line, we see the shape of the distribution.
Note. If necessary, stem-and-leaf can be:

a) compressed by merging of neighboring rows in one line (common class), see Figure 4.3.

1

>010 50-51101=4
5114
52156

52-53156%368
531368
5412457

» 54-55(2457%3499

5513499
5610127

56-5710127=%358
571358
5811269

58—=59 1126917
59 (17 T T

581 591

Figure 4.3 Compression of stem-and-leaf diagram
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b) splitting by dividing each of rows into two rows (classes), for example, see Figure 4.4.

51
5116899
510 | 6899
5210347 52¢ 1034
520 |7
5303788 53+ 13
530 | 788

Figure 4.4 Split of stem-and-leaf diagram

The first class of the digits 0-4 we mark "+" and the other with the digits 5-9 we mark "o".

Table of frequencies

Creating a table of frequencies is a good method to describe a large set of data. Original data
are classified into classes (categories). Then frequencies of each class are found and frequen-
cy distribution is created. The procedure of constructing the table of frequencies consists of the
following steps:

1. We determine the number of classes which will contain the table of frequencies. If we
can not determine the number of classes, one of the following formulas will help us

k=1+3,322-log(n) or k=+n

2. Determine the maximum X_, and minimum X_, value of a set of data.

X

3. Class width can be determined as follows:
hZ Xmax _Xmin :E

K K

The result should be rounded up to an integer so that each value of the data is contained
in the table of frequencies.

4. Create a class.
Lower limit of the first class t, we choose either the smallest value in a data set or a

value slightly smaller than the smallest value. The upper limit of the last k-th class t, is

chosen either the greatest value in a set of data or a value slightly greater than the max-

imum value. In the tableis t, <x_. , t, 2X__ .

'min ?
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=t +h, where.

Each class represents the interval [t,t.,) of length h, specifically t;,,
i=0,1,..,k—1. For example, the first class: [to,tl), the second class:
[t.t)=[t,+h t +h), etc.

_ L . T
5. Class representative T, is a middle of the ith interval (ith class), that is §, = ——",

6. Each value of the data set is recorded in the row of the relevant class.
7. Count the number of the data set in each class. We get the frequency of classes n, that
we record in the appropriate column.

8. Calculate the relative frequencies, cumulative frequencies, cumulative relative frequen-
cies, and write them in the next three columns.
Thus, we created the entire table of frequencies (Table 4.1).

Table 4.1 Table of frequencies

Class Lower | Upper | Class repre- Absolute Relative Cum_ulatlve
. S : relative fre-
number limit | limit sentative frequency | frequency
quency
1. t t, f Ny fr=n,/n fi
2. t ty t, n, f,=n,/n fi+f,
k. tk—l tk t_k Nk fk =N, /n Z fi =1
dn=n | > f=1

Note. When rounding relative frequency values it must be ensured that the sum of the round-
ed figures is equal to one.

Using the table of frequencies we can construct a histogram and polygon of frequencies, rela-
tive frequencies, cumulative frequency and cumulative relative frequencies. All these graphs
show us a way of frequency distribution of the measured data. All these graphs show us a way
of frequency distribution of the measured data.
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Histogram

A histogram is a bar graph in which the length (on the vertical axis) and width (on the hori-

zontal axis) of each bar are proportional to the frequency n, (or relative frequency f,) and
size h of corresponding class interval [ti,tm), respectively. The shape of a histogram of

a small set of data may vary significantly as the number of class intervals and corresponding
class intervals width change. As the size of a data set becomes large (say, 75 or above), the
shape of the histogram becomes stable.

Polygon of frequencies
A polygon of frequencies consists of line of segments that passes through the points [f, ni] or

[%; f.], where T are midpoints of the intervals [t..t.,) and n; or f; are the absolute or rela-

/

tive frequencies of selected classes.
A

Frequency

\

h 4 4 4 b b by Gy L 4

Figure 4.4

The stem-and-leaf diagram and histogram provide a general visual view of a data set, while
numerical quantities such as X or s provide information about only one feature (characteris-
tic properties) of the data.

Box plots

The box plot is a graphical display that simultaneously describes several important features of
a data set, such as center, spread, departure from symmetry and identification of unusual ob-

servations or outliers.

A box plot displays (see Figure 4.5):

82



Creation of Random Sample and Descriptive Statistics

— the three quartiles, the minimum and maximum of the data on a rectangular box, aligned
either horizontally or vertically;

— the box encloses the interquartile range (IQR) with the left (or lower) edge at the first
(or lower) quartile g, = X, ,; and the right (or upper) edge at the third (or upper) quar-
tile;

— 1in the rectangle is a line segment parallel to the lower and upper limit, which is the se-
cond quartile (which is the 50" percentile or the median) g, =X, 5 =X, 4 =X

— aline or whisker extends from each end of the box:

a) the lower whisker is a line segment from the first quartile to the smallest data point
within L5xIQR from the first (or lower) quartile,

b) the upper whisker is a line segment from the third quartile to the largest data point
within 1,5xIQR from the third (or upper) quartile;

— data farther from the box than the whiskers are plotted as individual points; a point be-
yond a whisker, but less than 3xIQR from the box edge, is called an outlier and is ly-

ing in intervals (X, ,; —3%IQR, X, ,s =15 xIQR) or (X, ;5 +15xIQR,, X, 5 +3xIQR);
— a point more than 3xIQR from the box edge is called an extreme outlier and is lying

in intervals (—OO, Xgas —3X IQR) or (XO’75 +3xIQR, oo).

q 4 q
.] .2 .3 Extremne
Outliers b : Outliers outlier
d e e %Y %

e—1.5 IQR —»=—1.5 IQR

IQR —+=«—1.5 [QR —»+=«—1.5 IQR —>
Figure 4.5 Description of a box plot

Note. Outliers and extreme outliers are values relatively very small or very large in relation to
other data. Usually arise from three causes:

a) value is measured, recorded or inserted into the computer incorrectly,
b) measured value belongs to a different population,

c¢) value is measured and recorded correctly, but represents a rare event that may occur.
Given the above reasons it is necessary to consider whether these values in the random sam-
pling of data leave or retire.
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Normal probability plots

This chart is a special case of a probabilistic graph, which makes it possible to visually assess
whether the data come from a normal distribution.
Its construction lies in the fact that the horizontal axis is plotted by the arranged values

L(f;:xmo (in percentage). The graph is

2

X X, and the vertical axis by values

X 2)s++ > Xy

1>

j—0,375

then the set of points X, :{Xu‘) ;W
n+o,

xlOO}, j=1,2,...,n, which is approximated in

terms of the least-squares method by linear function — line. The fewer the points deviate from
the straight line, the more likely it is that the measured data come from a normal distribution.

If we want to be sure that the measured data actually come from population with a nor-
mal distribution, it is necessary to test normality of the measured data, for example by using
Shapiro-Wilk test (see chapter 7.6.2).

9959

percentage
TN
L=

&,48 8,48 8,9 8,52 8,54

Figure 4.6

4.3 Presentation of numerical and graphical methods of a descriptive sta-
tistics on data from a random sample

Example 4.2

Alfa Machine carves a component used in the special security locks of the company Mul T
Lock on the required width of 8,500 mm. Randomly select 30 parts and check them by one
measuring tool for prescribed width.

On the measured data (Table 4.2) we present numerical and graphical methods of a de-

scriptive statistics.
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Table 4.2

i X; i X; i X i Xi i X i X;

1 8,462 6 8,505 11 8,482 16 8,493 21 8,511 26 8,497
2 8,489 7 8,519 12 | 8,499 17 8,510 |22 8,496 |27 8,506
3 8,500 8 8,486 13 8,498 18 8,502 23 8,470 |28 8,501
4 8,486 9 8,502 14 | 8,462 19 8,526 24| 8,539 |29 8,49
5 8,504 10 8,498 15 8,534 |20 8,498 25 8,514 130 8,479
Solution

Before access to the basic data processing, the measured values of the part width must be ar-
ranged in ascending order. The sorted data values represent the value of order statistic (Table

4.3).

Table 4.3

i X [ X i Xy i X i X i X

1 8,462 6 8,486 11 8,497 16 | 8,499 |21 8,504 |26 8,514
2 8,462 7 8,486 12 8,497 17 8,500 22 8,505 27 8,519
3 8,470 8 8,489 13 8,498 18 8,501 23 8,506 |28 8,526
4 8,479 9 8,493 14 8,498 19 8,502 24 8,510 |29 8,534
5 8,482 10 8,496 15 8,498 |20 8,502 25 8,511 30 8,539

1. The numeric methods of descriptive statistics
The calculation of basic statistical (or sample) characteristics can be made by the current sta-
tistical software.

Value of sample mean:

I 1 & (8,462 + 8,462 +8,467...+8,539)
X :—in =—>'x =
ni5 301 30

= §,49883

Value of sample variance:

(8,462 —8,49883)" + (8,462 —8,49883)" +...+ (8,539 — 8,49883)’
29

=0,00322006
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Value of sample standard deviation:

s=vs* = \/ﬁi(xi —X)’ =4/0,00322006 = 0,0179445
—Li=l

Value of sample standard error:

s 11 9 2 [0,00322006
S x —X) =, [———=""" =0,00327621
Jn \/n (n—l);(' ) \/ 30

Value of sample median (second quartile) X ., = )~((: g, = XO’SO) :

For n =30 calculated r=(n+1)p=(30+1)x0,5=15,5 is not an integer.
Xo5 =Xy + Xy = XX =LF ) =
= X5, + (X6) = Xa5)(15,5 —15) = 8,498 + (8,499 — 8,498) x 0,5 = 8,4985

Xt = %o 5 = X = 8,4985

med

Value of sample mode Xx_, =X:

Most frequent value in the data (3 times) is only one value, namely 8.498. The data set thus

have one mode — it is unimodal.
Xt = X = 8,498
Minimum: X, = X, = 8,462
Maximum: X, = Xy, =8,539
Sample range: R=X__—X_. =8,539-8,462=0,077

Value of lower (first) quartile g, = X, , :

For n=30 calculated r=(n+1)p=(30+1)x0,25=7,75 is not an integer.
O = Xoo5 = Xopp + (X(|'r'|) - X(Lrj))(r N \_I’_I) -
= X275 + Kr75) = X775 W75 = |7,75]) =

= X + (Xg) = Xy (7,75 —7) = 8,486 + (8,489 — 8,486) x 0,75 = 8,48825

®)
0 = Xgo5 = 8,48825~ 8,489

Value of upper (third) quartile g, = X, ;s

For n =30 calculated r=(n+1)p=(30+1)x0,75=23,25 is not an integer.
0; = X735 = X(Lrj) + (X(|'r'|) - X(|_rJ) )(r— \_I’_I) =

86



Creation of Random Sample and Descriptive Statistics

= X225y T (X(fzs,zsl) - X(ng,ZSJ))(23,25 - |_23,25J) =
= X3, + (Xg) = X(23)(23,25-23) = 8,506 + (8,510 - 8,506) x 0,25 = 8,5061
0; = X,75 =8,5061 ~ 8,506

Interquartile range: IQR =0, — ¢, = X, ;5 — X, ,; =8,506—-8,489 =0,017

Standardized sample skewness coefficient: N=30>3,5=0,0179445#0

ny (x. —X)*
;( i —X) \/g_
(n-1H(n-2)s*/ \'n
30((8, 462 —8,49883)" + (8,462 —8,49883)’ +...+(8,539—8,49883)3) 6
a 29.28-0,0179445° 30

=0,0306566 >0

The value of standardized sample skewness coefficient is positive and very small, it means
that our data distribution is approximately symmetric distribution that is slightly skewed to
the right.

Standardized sample kurtosis coefficient: N=30>4,5s=0,0179445 =0

n(n+1)iZ:l:(Xi—7)4 31 \/ﬁ_
(n=1)(n=2)(n-3)s* (n=2)(n-=3) n

(30'31((8,462—8,49883)4+(8,462—8,49883)4+...+(8,539—8,49883) 3.292 J / P4 _

29.28-27-0,0179445° 28-27
=0,66439>0

The value of the standardized sample kurtosis coefficient is positive, it means that our data
distribution is compared with the normal distribution more sharp.

Sample variation coefficient (v %):

| 9 )
> (% %)
§><100\/”1 N
X X

x100 =

\/(8,462—8,49883)2 +(8,462 —8,49883)" +...+ (8,539 —8,49883)?

_ 29 x100 =

8,49883

=0,21114
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Table 4.4 Review of basic statistical (or sample) characteristics calculated using the statis-

tical software Statgraphics Centurion XV

Explanation
Count 30 sample size
Average 8,49883 value of sample mean
Median 8,4985 value of sample median
Mode 8,498 value of sample mode
Variance 0,000322006 |value of sample variance
Standard deviation |0,0179445 value of sample standard deviation
Coeff. of variation [0,211141% value of sample coefficient of variation
Standard error 0,00327621 value of sample standard error
Minimum 8,462 value of sample minimum
Maximum 8,539 value of sample maximum
Range 0,077 value of sample range
Lower quartile 8,489 value of sample lower quartile
Upper quartile 8,506 value of sample upper quartile
Interquartile range 0,017 value of sample interquartile range (IQR)
Stnd. skewness 0,0306566 value of standardized sample skewness coefficient
Stnd. kurtosis 0,66439 value of standardized sample kurtosis coefficient

2. Graphical methods of descriptive statistics
All of the above graphs, including tables of frequencies, we also present in the Statgraphics
Centurion XV.

Stem-and Leaf Diagram

Let the first three digits of data are stems.

Stem | Leaf Stem-and-Leaf Display for Sirka: unit = 0,001 12 rep-

8.46 | 22 resents 0,012
8,47 | 09 LO|8,462 8,462
8,48 | 2669 2 846]
8,49 | 36778889 4 847]09

8  848]2669
8,50 | 0122456 (8) 849|36778889

14  850]0122456
8,51 10149 7  851]0149
8,52 |6 3 852]6
8,53 | 49
H1]8,534 8,539
Figure 4.7 Stem-and-leaf diagram Figure 4.8 Stem-and-leaf diagram in the

Statgraphics Centurion XV
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Note. In this type of graph Statgraphics Centurion XV marked out outliers:
— low: LO[3,462 8,462 tj. X, =X, =8,462

— high: HI|8,534 8,539 tj. Xy, =8,534a X, =8,539

We will check them even on a box plot and determine whether these values are only outliers

or extreme outliers.

Table of frequencies

a) We determine the number of classes k:
b) k=1+3,322log(n)=1+3,32210g(30) = 5,907 ~ 6 or k =+/n =+/30 =5,477 ~6.

X —X .
¢) We calculate the width of the class: h =—"% ” wn _ %077

d) We choose: t, =8,45<x . =8,462,t =854>x__ =8,539.

=0,012833~0,015.

e) We construct a table of frequencies (Table 4.5).

Table 4.5 Table of frequencies

Class [ Lower | Upper | Class repre- | Absolute | Relative fre- Cumulative
number | limit limit sentative frequency quency relative fre-

quency

1. 8,450 | 8,465 8,4575 2 0,0667 0,0667

2. 8,465 | 8,480 8,4725 2 0,0667 0,1334

3. 8,480 | 8,495 8,4875 5 0,1667 0,3001

4. 8,495 | 8,510 8,5025 14 0,4666 0,7667

5. 8,510 | 8,525 8,5175 4 0,1333 0,9000

6. 8,525 | 8,540 8,5325 3 0,1000 1,0000

Z n, =30 Z fi =1

Note. In the rounding of values of relative frequency it must be ensured that the sum of the

rounded figures is equal to one.
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Table 4.6 Table of frequencies in Statgraphics Centurion XV

Frequency Tabulation for Sirka stéiastky

Lower Upper Relative Cumulative  [Cum. Rel.
Class |Limit Limit Midpoint Frequency Frequency Frequency Frequency

at or below 8,45 0 0,0000 0 0,0000

1 8,45 8,46667  [8,45833 2 0,0667 2 0,0667

2 8,46667 848333 (8,475 3 0,1000 5 0,1667

3 8,48333 8,5 8,49167 12 0,4000 17 0,5667

4 8,5 8,51667  [8,50833 9 0,3000 26 0,8667

5 8,51667 8,53333 (8,525 2 0,0667 28 0,9333

6 8,53333 8,55 8,54167 2 0,0667 30 1,0000

above 8,55 0 0,0000 30 1,0000

Mean = 8,49883 Standard deviation = 0,0179445
Histogram and polygon of frequencies

12 -_I T T T T I_- 12 -_l T T T T l_-
10F x///M . nf ]
. sk 1L ef ]
g g I ]
s s . S 6fF .
- [ ] g [ ]
= et I |
2f ] 2F ]
0 Ci 1 | | | \ ] 0 -_l 1 L | 1 |—-
B4 843 8,46 8,49 8,52 8,55 8,4 843 8,46 8,49 852 55

Figure 4.9 Histogram with normal distribution curve (Gaussian curve)

and polygon frequencies in Statgraphics Centurion XV

Both chart show the character frequency distribution - measured data can come from a normal

distribution.

Normal probability plot

55 9

percentage

L e S S
&,48 &,48 8,9 8,52 8,54

Figure 4.10 Normal probability plot in Statgraphics Centurion XV
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The presented points (Figure 4.10) deviate only minimally from the approximation line.
Conclusion: From the last three graphs we conclude that the measured data can come from a
normal distribution. More exactly, we check the normality of data using a normality test (e.g.
Shapiro—Wilk test, see subchapter 7.6.2).

Box-and-whisker plot

o

8,48 8,48 8,5 8,52 8,54

Figure 4.11 Box-and-whisker diagram in Statgraphics Centurion XV

The point in rectangle represents the mean of X =8,49883.
Even in this type of the chart the outliers are marked:
— lower: X, =X, =8,462,

— UPPEr: X, =8,534a X, =8,539.

We find whether the values are only outliers or extreme outliers. Calculate the intervals:
— interval for lower outliers:

(X025 =3%IQR ; X, s —1,5xIQR ) = (8,489 —3x0,017;8,489 —1,5x0,017) =
=(8,435;8,4635)
— interval for lower extreme outliers:
(=0,%,.25 = 3% IQR ) = (~20;8,489 —3x 0,017 ) = (—o0;8,435)
— interval for upper outliers:
(X075 + 1,5 XIQR; X, 5 +3xIQR ) = (8,506 +1,5x0,017; 8,506 +3x0,017) =
=(8,5315;8,557)
— interval for upper extreme outliers:

(Xos +3%IQR; 0) = (8,506 +3 x 0,017; 00) = (8,557; 0)
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Conclusion: The values X, =X, =8,462 are from the interval (8,435; 8,4635), therefore
they are lower outliers. The values X,, =8,534 and X, =8,539 are from the interval

(8,5315; 8,557), therefore they are upper outliers. Based on the causes of occurrence of these

values it is necessary to consider whether these values will stay in or wil be discarded from a
random sample. Since the lower outliers are very close to the upper limit of the interval
(8,435; 8,4635) and the upper outliers are in very close proximity to the lower limit of the

interval (8,5315; 8,557), we decided to retain them in the random sample.
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5 POINT ESTIMATION

Learning goals

"1 Describe the terms parameter, point estimator and point estimate.
' Identify two major areas of statistical inference.
1 Distinguish between point estimation and interval estimation.

'] Determine the point estimate of a parameter.

Parameter ()

A parameter 6 represents a characteristic of the population under study. It is constant but

unknown in most cases e.g. mean ( x ), variance (o), proportion ( p ), correlation coefficient

(o) and regression coefficient ( £).

Statistical inference

Statistical inference refers to making decisions or drawing conclusions about a population by
analyzing a random sample from the population. Two major areas of statistical inference can
be defined:

1. Parameter estimation: Estimates the value of . E.g. 1 =150

2. Hypothesis testing: Tests an assertion of 8. E.g. H,: =150

Parameter estimation

Parameter estimation is further divided into two areas:

1. Point estimation: Estimates the exact location of 8. E.g. 1 =150

2. Interval estimation: Establishes an interval that includes the true value of 8 with a

designated probability (1 -« , where  usually equals 0,1; 0,05; 0,01). E.g.
P(145< 14 <155)=0,95
Point estimator (®)

A point estimator (@) is a statistic (function of random sampling) used to estimate 6. It is a

random variable because a statistic is a random variable. E.g. Point estimator of x is sample

mean Y:iXi/n.

i=1
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A single numerical value of @ determined by a particular random sample is called a point

estimate of 0 (denoted by 9).

Example 5.1.

Suppose that the life length of an INFINITY light bulb X has a normal distribution with
mean u and variance ¢ . A random sample of size n =25 light bulbs was examined and the
sum of the life lengths was 14 900 hours. Estimate the mean life length ( « ) of an INFINITY
light bulb.

2%
O 14900 745 hrs
25

ﬁ:f:
n

5.1 General concepts of point estimation

Learning goals

Tl Explain the terms unbiased estimator, minimum variance unbiased estimator (MVUE),
standard error and mean square error (MSE) of an estimator.
1 Select the appropriate point estimator of @ in terms of unbiasedness, minimum variance

and minimum mean square error each.

Unbiased estimator

An unbiased estimator is a point estimator (@) whose expected value is equal to the true

value of 4, i.e.
E@)=0
Note that several unbiased estimators can be defined for a single parameter 6.

Bias of point estimator (&)

The bias of point estimator @ is the difference between the expected value of @ and the true
value of 0:

B(®)=E(®)-0
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—

7, B(®)

0 EO)

Figure 5.1 Bias of a point estimator @

Example 5.2

Let X,, X,,...,X, denote a random sample of size n from a probability distribution with

E(X)=u and D(X)=o". Show if the sample mean X = Zn: X, /n is an unbiased estimator

i=l1

of the population mean x :

_ n 1 1L 1
E(X):E(ZXi/njz;ZE(Xi):;Z,uzzn,u:,u
i=1 i=1

i=1

Since E(X) =4, X is an unbiased estimator of 4 .

Minimum variance unbiased estimator (MVUE)

A minimum variance unbiased estimator of 6 is the unbiased @ with the smallest variance.
By using the MVUE of 6, the unknown parameter # can be estimated accurately and

precisely.

Figure 5.2 Variances of unbiased estimators of

Example 5.3
Let X,, X,,...,X, denote a random sample of size » >1 from a population with E(X)= u

and D(X)=o0".Both X ,and X are unbiased estimators of x because their expected values

are equal to . Of the two estimators, which is preferred to estimate x and why?

95



Point Estimation

The variances of X, and X are:
D()(l):o-2
= 1 1 , 1 ,
D(X)=D| Y X,/n|==>.D(X)=—> 0" =—no’ =—
i n i n i n n

2

Since (D(Xl) :02)>(D()?):O-7j for n>1, X is preferred to estimate x with higher

accuracy.

Standard error (o)

The standard error of a point estimator o, is the standard deviation of a point estimator 6.1t

can be used as a measure to indicate the precision of parameter estimation.
If o, includes unknown parameters that can be estimated, use of the estimates of the

parameters in calculating o, produces an estimated standard error s, .

Example 5.4

The random variable X (Example 5.1) has a normal distribution with mean x and variance
o’ . The random sample of size n =25 was examined.
1. Standard error

Assuming o =40”, determine the standard error of the sample mean (X ). Note that

Y:Z:‘Xi/n~N(u,O'2/n).

o 40

2. Estimated standard error

o = 8hrs

Suppose that o is unknown and the sample variance s3 =35”. Calculate the estimated

standard error of the sample mean (X ).

so= OB gy

Jno A 25

Mean square error (MSE) of estimator

The mean square error (MSE) of a point estimator @ is the expected squared difference
between @ and 0:
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MSE(0)=E((©-6))=E(0-E©@)) +(0-E©®)) =
= D(O) + B*(0)
:D(@) for unbiased @ because B(@) =0

The derivation of the formula:

MSE(©) = E((©-07 )= ((( (@))—(H—E(@)))zj:
:E((@ E(@))2 2( E(@))(H—E(é))+(0—E(@))2):
- £((6-E@) |-2£((6- £6)) (6 £)) )+ E[(0- £ |-
_ ((é—E(@))z)+E((G—E(@))z):
= D(0)+ B*(0)

Note. Biased estimate of the parameter with the smallest error MSE (the most accurate) is

sometimes used instead of an unbiased estimate with less accuracy.

MSE(6)) < MSE(6;)

[
|
|
I
|
I
I
I
|
I
I
I
I
\

— B(@) '-—
0 E(@l)

Figure 5.3 A biased estimator (:)1 with a smaller mean square error

than that of the unbiased estimator @2

Example 5.5

Suppose that the means and variances of @1 and @2 are E (@1) =0, E (@2) =090,
D(@l) =5 and D(@z) = 4. Which estimator is preferred to estimate & and why?
For @1

B(O)=E®)-0=0-6=0

MSE(®,) = D(6,)+ B*(6,)=5+0=5
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For @2
B(O,)=E(@,)-0=090-0=-0,10
MSE(®,) = D(0,)+ B*(©,) =4+0,010*
By subtracting MSE (@2) from MSE (@1) we get:
MSE(®,) - MSE(O,)=5-(4+0,016%)=1-0,016"
The preferred estimator of € for precise estimation depends on the range of 6 as follows:

a) @1 ,1f § > 10 because MSE (@1) < MSE (@2) and @1 is unbiased,

b) @,, if 6 <10 because MSE(6,) > MSE(,).

5.2 Methods of point estimation

Learning goals

"1 Explain the utility of the maximum likelihood method.

1 Find a point estimator of @ by using the maximum likelihood method.
Maximum likelihood method

The method of maximum likelihood is used to derive a point estimator of €. This method
finds a maximum likelihood estimator of & which maximizes the likelihood function of a

random sample X, X,, ..., X :

L(0) = f(x,;0)f (x,;0)- f (x,;0)

where X, X,,...,X, are independent random variables with the same probability density

function f(x;6).
Example 5.6

Let X, X,,...,X, denote a random sample of size n from an exponential distribution with
the parameter A. Find the maximum likelihood estimator of A .

The probability density function of an exponential distribution is
f(2)=2e™
Thus the likelihood function of X, X,,..., X, is
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—iix,-

LA = f(x; D f (33 4) - f(x,: ) = [ [Ae™ = Ae T
i=1
Then the log likelihood function (L(4)>0) is
InL(A)=nlnA - izn)xi
i=1

The derivative of In L(1) is

dinL(1) d( ! ) noon
AIECA) _d (o ave =Sy
g \rnAmAry j=om 2,

By equating this derivative of InL(4) to zero, the point estimator of A which maximizes

L(A) i1s

5.3 Sampling distributions of means

Learning goals

1 Explain the term sampling distribution.
'l Explain the central limit theorem (CLT).

"] Determine the distribution of a sample mean by applying the central limit theorem.

Sampling distribution

A sampling distribution is the probability distribution of a statistic (a function of random

variables such as sample mean and sample variance). The sampling distribution of a statistic
depends on the following:

— The distribution of the population

— The size of the sample

— The method of sample selection

Sampling distribution of X
Suppose that a random sample of size » is taken from a normal distribution with mean x# and

variance o’ .
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Then the sampling distribution of the sample mean is

n

The derivation of the relationship

Since X,, X,, ..., X, are independent and normally distributed with the same E(X)= x and

D(X) =c", the distribution of X is normal with mean and variance

E@:E[Xl+X2*"'”(”j:i[E(X1)+E(X2>+---E(X,,>]=
n n

1 1
= (Ut ptt ) =—xnu=p
n n

- Lpx)+pexy) + 4+ DX, =
n

D()?):D[X1+X2 +---+an

n
1 1 o’
2—2((72+(72+---+O'2)=—2><I’IO'2 =—
n n n

Central limit theorem (CLT)

Let X, X,,...,X, denote a random sample of size n taken from a population (X ) with

mean u and variance o . Then the limiting form of the distribution of the sample mean X

is

n 2 Y _
)?ZZXZ./HNN(,U,%J - z-X £ _N(0.1)

i=1 O'/\/;

as n approaches infinity (7 —o0). This normal approximation of X is called the central limit
theorem (CLT).
As displayed in Figure 5.4, the distributions of the sample means from uniform,

binomial and exponential distributions become normal distributions as their sample sizes n

become sufficiently large. In most cases, if 7>30, normal approximation of X will be

satisfactory regardless of the distribution of X . In case n <30, if the distribution of X is
close to the normal, a normal approximation of X will be acceptable.

Based on the central limit theorem, the sampling distribution of X where X is normal or

non-normal is as follows:
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1. Normal population, X ~N(u,c”), than

B 2
Y:ZX,./n~N(,u,O- ]

i=1 n

where X|,..., X, are independent random variables normally distributed N(g, o).

2. Non-normal population with parameters 4 and o

a) Normal approximation applicable, then

n 2
X = Z X, /n ~N[/I,O-—J , if n > 30 or the distribution of X is close to the normal

i=1 n
b) Normal approximation inapplicable, then

it would be difficult to find the distribution of X if n <30 and the distribution of X

is significantly deviated from the normal. In this case, use non-parametric statistics

for statistical inference.

A ||

n=30

-0

a) b) c)

Figure 5.4 Sampling distribution of X : a) X ~ R(0,b);b) X ~ Bi(n,0,2);¢) X ~E(1=1)

Example 5.7

Suppose that the waiting time ( X ; unit: min.) of a customer to pick up his/her prescription at
a drug store follows an exponential distribution with £(X) = 20 min and D(X) =400min*. A
random sample of size n =40 customers is observed. What is the distribution of the sample

mean?
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Since n>30, normal approximation is applicable to X even if X is exponentially

distributed. Thus, the sampling distribution of X is

2
)7~N(,u, 9 j = N(zo,%o) = N(20,10)

n
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6 STATISTICAL INTERVALS AND SAMPLE SIZE AT
A GIVEN POINT ESTIMATE ACCURACY

Learning goals

" Distinguish between confidence, prediction and statistical tolerance intervals.
1 Interpret a 100(1—ca) % confidence interval (CI).

1 Explain the relationship between the length of a CI and precision of estimation.
1 Identify the error ( £) when estimating the actual parameter.
Statistical intervals

While point estimation estimates the exact location of a parameter (6 ), interval estimation
establishes bounds of plausible values for ¢ . Three types if statistical intervals are defined:

1. Confidence interval (Cl): Bounds a parameter of the population distribution.
E.g. when X ~N(u,0), then 90 % CI on u indicates that the CI contains the value of
4 with 90 % confidence.

2. Prediction interval (PI): Bounds a future observation.

E.g. when X ~N(u,0”), then 90 % PI on a new observation indicates that the PI
contains a new observation with 90 % confidence.

3. Statistical tolerance interval (T1): Bounds a selected proportion of the population

distribution.
E.g. a95% TI on X with 90 % confidence indicates that the TI contains 95 % of X

values with 90 % confidence.

Confidence interval

A 100(1-a)% confidence interval on a parameter € has both lower and upper bounds

(1 <0 <u), or lower bound (/<6) or upper bound (4 <u), which are computed by using a
sample from a population. Since different samples will produce different values of / and u,
the lower— and upper—confidence limits are considered values of random variables L and U
which satisfy the following:

P(L<O<U)=1-a=100(1-a), 0<a<l.
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Since L and U are random variables, a CI is a random interval. A 100(1 —«) % CI indicates
that, if CIs are established from an infinite number of random samples, 100(1—-«) % of the
CIs will contain the true value of 4.
There are two types of confidence intervals:
1. Two-sided ClI: Specifies both the lower— and upper—confidence limits of #, such as
[£0<u.

E.g. 730 < p,, <750 hrs, where X is life length of an INFINITY light bulb.

2. One-sided CI: Defines either the lower— or upper—confidence limits of &, such as
[0 orf<u.

E.g. 730 < u,, or u, <750 hrs, where X is life length of an INFINITY light bulb.

Length of CI and precision of estimation

The length of a CI refers to the distance between the upper and lower limits (u —/). The
wider the CI, the more confident we are that the interval actually contains the true value of 6

(see Figure 6.1), but less informed we are about the true value of 4.

| i |
L L =

Y

L b 0o w u
’<— 95% ﬂ
99%
Figure 6.1 Confidence intervals on the mean life length (6 = £, ) of an INFINITY

light bulb with selected levels of confidence
The length of a Cl on 6 is inversely related to the precision of estimation on 6 : the wider the
CI, the less precise the estimation of 4 .

Error E in estimation of parameter 6

3

E:‘é—e

where 0 is a point estimate of the true value of 4 .
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6.1 Confidence interval on the mean of a normal distribution with
variance known

Learning goals

[] Determine the point estimator of # when o is known and the sampling distribution of
the point estimator.

(] Establish a 100(1-a)% CI on x# where o is known.

71 Determine a sample size to satisfy a predetermined level of error ( £') in estimating .

') Find the critical value of the normal distribution in tables in Appendix.

Inference context

o Parameter of interest: u

_ 2
« Point estimator of u: X~N(y,0—), o’ known
n

- X - e
« Statistic: Z = \/ﬁ ~N(0,1), where N(0,1) denotes the standard normal distribution

o/An

Confidence interval formula

A 100(1—a)% Clon u when o is known is

- (o) - O .
Xk, —<u<X+k,— for two—sided CI,
(24 \/; /,l o \/;
X —k,, % < u for one—sided IS with the lower bound,
u<X+k,, % for one—sided IS with the upper bound,
n

where k, and k,, are critical values of N(0,1) (see Appendix).

The derivation of the formula for a two—sided CI
. . X—u
By using the statistic Z = ~N(0,1), we get
o/ \/;

P(—ka XoH SkaJ:I—a

0'/\/;
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= o = o
Pl X—k —=<u<X+k —|=1-«
( a\/; /’l a\/;j

Therefore

o

In

Note that, for a one—sided CI, use k,, instead of k, to derive the corresponding limit.

L=X-k,—— and U=X+k,

Determination of sample size

3

To establish a 100(1-«a)% CI on u# which does not exceed a predefined level of E = |)? —u

the sample size is determined by the formula

Note. In case n is not an integer, round up the value.

Example 6.1

Suppose that the life length of an INFINITY light bulb (X '; unit: hour) follows the normal
distribution with a mean x and the variance o’ =40°, e.g. X ~ N(u,40%). A random

sample of 30 bulbs is tested as shown below, and the sample mean is found to be x =780
hours.

No. | Life length | No. | Life length | No. | Life length
1 727 11 831 21 725
2 755 12 742 22 735
3 714 13 784 23 770
4 840 14 807 24 792
5 772 15 820 25 765
6 750 16 812 26 749
7 814 17 804 27 829
8 820 18 754 28 821
9 753 19 715 29 816
10 796 20 845 30 743

1. Confidence interval on u, o is known

Construct a 95 % two—sided confidence interval on the mean life length ( ) of an INFINITY
light bulb.

P(I<pu<u)=1-a=0,95 = a=0,05
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95 % two—sided Cl on w:

= o = o
X-k,—<u<X+k,—
“In “In
40 40
780 -k, . — < u<780+k, . —
0,05 30 H 0,05 \/%
40 40
780 —1,96 x < 1 <780 +1,96 x
V30 J30
765,686 < 11 <794,314

2. Sample size selection
Find a sample size n to construct a two—sided 95 % confidence interval on x with an error

20 hours.

2 2 2
k 40
n:(kan Z( 0.05 X j ZKMJ — 153664 ~16

E 20 20

6.2 Confidence interval on the mean of a normal distribution
with unknown variance

Learning goals

[] Determine the point estimator of x# when o is unknown and the sampling distribution
of the point estimator.

[ Establish a 100(1-a)% CI on u# where o is unknown.

"1 Find the critical value of the #-distribution in tables in Appendix.

Inference context

o Parameter of interest: u

2

. Point estimator of z: X~N(u,2—), ¢ is unknown
n

- X - : .
o Statistic: T = H ~t(n—1), where S is an estimator of o and #(n—1) denotes the
S/\n
t—distribution (Student) with the degrees of freedom n—1 (Janiga, 2013, subchapter
3.8.2).
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Confidence interval formula

A 100(1-a)% Cl on u when ¢ is unknown is

= S = S .
X-th-La)—=<u<X+t(h-La)— for two—sided CI,
I I
X -tn-1, 205)i <u for one—sided CI with the lower bound,
Jn
U< X +t(n— 1;20{)i for one—sided CI with the upper bound,

n

where #(n—1; @) and #(n—1;2«) are critical values of a z—distribution with the degrees of

freedom n —1 (see Appendix).

The derivation of the formula for a two—sided CI

P(-t(n-La)<T<t(n-La))=1-«a

X —

/In

=

P(—t(n—l;a)ﬁ St(n—l;a)jzl—a

%)

P()?—t(n—l;a) S)?+t(n—1;a)iJ:1—a

S
Jn - Jn

Therefore

S

Jn

L:)?—t(n—l;oz)i and U=X+tn-La)

Jn

Example 6.2

Suppose that the life length of an INFINITY light bulb (X ; unit: hour) follows the normal
distribution with unknown parameters # and o . The random sample of size n = 30 bulbs is
tested (see Example 6.1). Construct a 95 % two—sided CI on the mean life length () of an

INFINITY light bulb.
The point estimates values of x =780 and s =40,0164 needed for the construction of

CI were obtained from data on life bulbs given in Example 6.1.

P(I<u<u)=095=1-a = a=0,05
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95 % two—sided Cl on w:
X-—tn-lLa)—=<u<X+tln-La)

40,0164 <

780 ~ 1(29:0,05) — o < 1 < 780 +£(29;0,05) 40,0164

V30

40,0164

V30

780 - 2,045 x 220104 ) < 780 12,045 %
V30

765,059 < 11 <794,941

Notice that the CI constructed by using the #—distributed sample data 765,059 < 1 < 794,941

is wider than the corresponding CI constructed on the bases of the normal distributed sample
data 765,686 < u < 794,314 .

6.3 Confidence interval on the variance of a normal distribution

Learning goals

] Determine the point estimator of o> and the sampling distribution of the point
estimator.

[] Establisha 100(1-a)% CI on o~.

[ Find the critical value of the y* —distribution in tables in Appendix.

Inference context

« Parameter of interest: o

Z(Xl _)?)2
. Point estimator of o°: S’ :i:l—l, where X, X,,...,X, is random sample
n_
taken from N(u,0)
2
. Statistic: Xx*= w~12(n—1) , where S° is an estimator of 6° and y*(n—-1)
o

denoted y*—distribution with the degrees of freedom n—1 (Janiga, 2013, subchapter
3.8.1).
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Confidence interval formula

A 100(1-a)% Clon & is

2 2
% <ogl< - (n-1S for twoo—sided CI,
2 (n-Lal2) 2 (n-Ll-al2)
2
(2”( l)f : <ol for one—sided CI with the lower bound,
¥y (n—-lLa
2
2 < - (n-1)S for one—sided CI with the upper bound,
7 (n-Ll1-a)

where y’(n-1l,a/2), y’(n-1;1-a/2), y’(n—-l;a) and y*(n—1;1-a) are critical

values of a y°(n—1) distribution (see Annex).

The derivation of the formula for a two—sided CI

Py (n-Ll-a/)< < (n-La/2))=1-

2
P[?ﬁ(n—l;l—a/zx(” D5 < - 1;05/2)]:1_0(
— 2 . 2
P 2(n 1S <o’ < : (n-DS -
y(n-1Lal2) y (n-11-a/2)
Therefore
_ (n-1)S? B (n-1)58°
(n-1Lal2) rn-L1-a/2)
Example 6.3

Let the life length of an INFINITY light bulb X has a normal distribution with mean x and

variance o, which are unknown. A random sample of size n =30 bulbs is tested and the
sample variance is found to be s> =40,0164>. Construct a 95% two—-sided confidence

interval on the variance of the life length of an INFINITY light bulb &~ .
P(I<o’<u)=0,95=1-a = a=0,05

95 % two—sided Cl on o :
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(n-1)8° <ol< (n-1S"
vn-Lal2) yn-L1-al2)

(30—1)x40,0164° col< (30—1)x40,0164>
7%(29;0,05/2)  4*(29;1-0,05/2)

46438, _ , _ 464381

45,7 16,0
1016,70 < > <2902,38

31,882 < 0% < 53,877

6.4 A large-sample confidence interval for a population proportion

Learning goals

] Determine the point estimator of p and the sampling distribution of the point estimator.
] Establisha 100(1-a)% Clon p.

"1 Determine a sample size to satisfy a predetermined level of error ( £') in estimating p .

Inference context

o Parameter of interest: p

. : ~ X
« Point estimator of p: P=—, where X ~B(n, p)
n

A

P-p

Vp(l=p)/n

Sampling distribution of the estimator P

 Statistic: Z= ~N(0,1) if np(1—p)>9; P is an estimator of p

The mean and variance of a binomial random variable X ~ B(n, p) are
E(X)=np and D(X)=np(-p)
Thus

X

E(P) = E[—j ey =Lup=p
n n n

n n n n
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Conditions for approximation of a binomial distribution B(#n, p) by a normal distribution are

complied, because p is neither close to zero nor close to one and » 1is relatively large so that
np(1-p)>9.

Therefore the approximate distribution of P is

ISzN(p,p(l_p)] = oz=—L7P N

n \NpP(l=p)/n

Confidence interval formula

A 100(1-a)% Clon p is

Pk, PA=P) <p<P+k, PA=P) for two—sided ClI,
n n
Pk, PA-P) <p for one—sided CI with the lower bound,
n
p<P+ k,, Pa=r) for one—sided CI with the upper bound.
n

The derivation of the formula for a two—sided CI

P(-k,<Z<k,)=1-a

P[—ka gﬁskajzl—a
Vp(l=p)/n

(5ot FEB s, [FEB) 1
n n

We use an estimator P of the unknown parameter p .

P(p_ka P0-B)_ _ps /L—P)J_l_a
n n
L=P—k, /M a U=P+k, /M
n n

Therefore
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Determination of sample size

In estimating p the following formulas are used to calculate a sample size n for a predefined

level of error:

2
n (%"j p(1—-p) if p is known

2
n (%j x0,25 if p is unknown

Example 6.4

A sample of n =40 bridges in a certain region is tested for metal corrosion. It was found
x = 28 corroded bridges.

1. Confidence interval on p

Construct a 95 % two—sided confidence interval on the proportion of corroded bridges p in

the region.

) 28
P(I<p<u)=0,95=1-a = a=0,05 p=2="0_

= =0,7
n 40

Since both np =40x0,7 =28 and n(1— p) =40x0,3=12 are greater than five, the sampling

distribution of P is approximately normal.
95 % two—sided Cl on p is

s |P(1-P) <p<pk, p(1-p)
n n
0,7x(1-0,7 0,7x(1-0,7
07k S EOD ¢ 71, [0 00D

0,7-196x0,07< p<0,7+1,96x0,07
0,5628 < p <0,8372

0,56< p<0,84
2. Sample size selection
Determine a sample size n to establish a 95 % two—sided Cl on p with an error equal to 0,05
from the true proportion.

k 2 k 2 2
n=|-%1 x0,25=| —2| x0,25= 1961, 0,25=384,2 ~ 385
E 0,05 0,05

5

>
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6.5 A prediction interval for a future observation

Learning goals

[ Determine the distribution of the prediction error X, —X .

1 Establish a 100(1 — ) % prediction interval (PI) for a new observation.

Sampling distribution of prediction error £ =X X

n+l
Let X,, X,,...,X, is a random sample from a normal population with mean x and variance

o’. We wish to predict a new observation X, . If X is used as a point estimator of X

n+l 2

then the distribution of corresponding prediction error £ is

E=X, —)?~N(o,a{1+lD,
n

_ 2

because X, ~N ( 1,0 ) , X~N ( ,u,O-—J and the statistics X,,, and X are independent.
n

Thus

Z: Xn+1 _)?'

0'1+l
V' n

T: X}Hl _)_(
S 1+l
n

~N(0,12), if &% is known

~t(n—1), if o is unknown

Two-sided prediction interval formula

)?—kao"/1+l <X, . S)7+kao]/1+l , o is known
n n
= 1 = 1 ).
X-tn-La)S,|[1+—<X < X+tn-La)S |l+—, o is unknown
n n

Example 6.5 (Prediction interval on X ,,, o> unknown)

n+l >

From the light bulb life length data in Example 6.2 the following quantities have been
obtained: n =30, x =780 a s° =40". Construct a 95 % two—sided prediction interval on the
life length of the next light bulb tested ( X, ).
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P(I<p<u)=0,95=1-a = a=0,05

95 % two—sided PI: (> unknown) on X,

)?—t(n—l;a)s,/nl <X, < )7+t(n—1;a)S,/1+l
n n
780 —1(29;0,05)x 40,0164 x /1+% < X,, <780+1(29;0,05)x 40,0164 x /1+%

780—2,045%x40,677873 < X, <780+2,045x40,677873
780—-83,18625 < X,, <780+83,18625
696,81375< X, <863,18625

Note that this 7 —based PI [696,81375; 863,18625] is wider than the corresponding 7 —based
Clon p [765,065; 794,935] in Example 6.2).

6.6 Statistical tolerance intervals for a normal distribution
with unknown parameters

Learning goals

] Establish a p tolerance interval with 100(1 — )% confidence for a normal population

with unknown parameters # and o”.

Statistical tolerance interval

Suppose that the life length X of an INFINITY light bulb follows a normal distribution with

mean 4 =780 and variance o~ = 40> . Then the interval
(u—1,960; 11+1,960) = (780—1,96 x 40; 780 + 1,96 x 40)

includes 95 % of the light bulb population in terms of life length. The interval
(u—1960; u+1960) is called statistical tolerance interval.

When u# and o? are unknown, it may be used data x,,x,,...,x, from the sample of size

R -
n to compute the values of sample mean x =-— E x; and sample standard deviation
n
i=1

n

5= \/%Z(xi —X)*>. Then it is possible to establish the interval (x —1,96s;x +1,965).
n—1
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However, due to sampling variability in X and s”, the estimated statistical tolerance interval
includes less than 95% of the population values. The solution to this problem lies in replacing
the value of 1.96 by some other value that will create the interval containing 95% of the
values of the population with some level of confidence.

Definition of the two-sided and one-sided statistical tolerance interval

The 100(1-«) % two-sided statistical tolerance interval (Garaj, 1., Janiga, 1., 2002) is

the interval
(X —ks; X +ks)
for which the following equation is valid
P[P(x—ks< X <X+ks)=p]=1-a,

where k =k(n, p,1—a) is tolerance factor (see Appendix), 1 -« is a confidence and p is the

proportion of values from distribution N(u,c”).
The 100(1-«) % one-sided statistical tolerance interval (Garaj, 1., Janiga, 1., 2005) is

the interval
(=0, X + ks) or (x — ks, ©)
for which the following is valid
P[P(X <X+ks)2p]=1-a or P[P(X-ks<X)2p|=1-a
where k =k(n, p,1—-a) is tolerance factor (see Appendix), 1—« is a confidence and p is the

proportion of values from distribution N(z,oc7).

Example 6.6

From the data on the light bulbs life length, which come from a normal distribution, we obtain
values: n=30, x =780 a s=40,0164. Construct a two—sided statistical tolerance interval

with 90 % confidence that covers at least 95 % of the life length measurement of light bulbs.

For n=30, p=0,95 al-a=0,90 can be found in the appropriate table (see
Appendix) the value of k=2,4166. The values are substituted into the relationship

(X —ks,x +ks) and we obtain:
(780—2,4166x40,0164;780 +2,4166 x 40,0164)
(780—-96,7036;780 + 96,7036)
(683,2964; 876,7036)
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After rounding down the lower limit and rounding up the upper limit we obtain the interval
(683,29; 876,71).

We want to construct a one—sided statistical tolerance interval with 90 % confidence
that covers at least 95 % of the life length measurement of light bulbs.

For n=30, p=0,95 and 1-a=0,90 the value £=2,0799 can be found in the
appropriate table (see Appendix). The values are substituted into the relationship (X — ks, o)

and we obtain:
(780—2,0799 x 40,0164; o)
(780—83,2301; o)
(696,7698896; )

After rounding down the lower limit to three decimal places we obtain the interval
(696,769; ) .
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7 TESTS OF HYPOTHESES FOR A SINGLE SAMPLE

7.1 Hypothesis testing

Learning goals

"1 Explain the terms null hypothesis, alternative hypothesis, test statistic, acceptance
region, rejection region, critical value, type I error probability (), type Il error
probability () and power of a test (1-f3).

"] Establish the acceptance and rejection regions of hypothesis test at «.

"] Determine the type II error probability and power of a test.

1 Explain the relationships between « and £.

] Identify the procedure of hypothesis testing.

Hypothesis

A hypothesis is an assertion about the parameters (£) of one or more populations under

study. There are two kinds of hypotheses:
1. Null hypothesis (H, :0 =6,)

States the presumed condition of & (based on experience, theory, design specification,
regulation or contractual obligation) that will be held unless there is a strong evidence

against it. Note that / should always specify an exact value of 8. E.g. H :u, =750
hrs, where X is the life length of an INFINITY light bulb.

2. Alternativna hypotéza ( H,):
States the condition of @ that would be concluded if /| is rejected. The following
types of H, are defined:
— two-sided H,:0#6,: Indicates no directionality of 8. E.g. H, : s, # 750hrs,
— one-sided H,:0<6, or H, : 0> g, Indicates the directionality of 6. E.g. lower—

side inequality H, : u, <750 hrs or upper—side inequality /1, : s, > 750 hrs.

Test statistic

A test statistic refers to a statistic used for statistical inference about #. E.g. test statistic for

inference on 4, where X ~ N(u,0”) and o is known, is
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_ n 2 X_
X=ZXi/n~N[,u,o-7] or Z=2"H _ N,

i=1 O'/\/;

Test regions

Two regions of a test statistic (see Figure 7.1) are established for testing H, against H, :

— Acceptance region (K ): The region of a test statistic that will lead to failure to reject

of H,.
— Rejection (critical) region (K): The region of a test statistic that will lead to rejection
of H,.

The boundaries between the acceptance and rejection regions are called critical values. When
we mark the critical values (k,,k, ), then K =[k,, k,] and K =(—o0,k, )U(k,, ).

Rejection region | Acceptance region | Rejection region

> X

ki ks,

Figure 7.1 Acceptance and rejection regions for £

Testerrors

The truth or falsity of a hypothesis can never be known with certainty unless the entire

population is examined accurately and thoroughly. Therefore a hypothesis test based on a
random sample may lead to one of the two types of wrong conclusions (see Table 7.1):

1. Type I error: Reject H, when H | is true.

2. Type Il error: Fail to reject H, when H | is false.

Table 7.1 Decision matrix of hypothesis testing

Fail to reject H Reject H
H is true Correct decision Type | error
H is false Type Il error Correct decision

The probability of type | error (denoted as «) and the probability of type Il error
(denoted as ) are conditional probabilities as follows:

o = P(type I error) = P(reject H, |H0 is true)
B = P(type 1l error) = P(fail to reject H, |H0 1s false)
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The type I probability « is also called the level of significance of a test. The values of
a=0,05 and a=0,01 are the most used.

Power of test

The power of a statistical test indicates the probability of rejecting H, when H  is false and

indicates the ability (sensitivity) of the test to detect evidence against H .

power of test = P(reject H |H0 is false) =
=1- P(fail to reject H, |H0 is false) =

Test regions, hypotheses, a, #and power of test

The test regions, hypotheses, &, £ and power of a test are related to each other. The

acceptance and rejection regions of a test statistic @ are determined based on « and the

hypothesized value of @ (denoted as ¢,) in H,, (note that ¢ and @, are specified by the

analyst). If L and U denote the lower and upper limits of an acceptance region, respectively,

and we are testing H, : € = 6, , the acceptance region of O is determined as follows:
1 — o = P(fail to reject H, |H0 is true) = P(fail to reject H |6? =0, =

P(L<O< U|6’ =0,), for two-sided H,
={P(L<B|0=6,), forlower-sided H,
P(O < U|49 =0,), for upper-sided H,

On the other hand, the £ and power of a test 1 — f are determined based on the acceptance

region of the test and the true value of € as follows:
S = P(fail to reject H, |H0 is false) = P(fail to reject H,, |H #0))=

P(L<O<U|G #6,), for two-sided H,
=<P(L< @|6’ #0,), for lower-sided H,
P(O< U|6’ #0,), for upper-sided H,

and power of the test=1— 4.
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Relationship between e and g

-

distributions  of
X ~N(u,0* /n) for H,:0=8,
and H,:0+ 0,

Hypothetical

Acceptance region

For n fixed the folowing is valid:

As the acceptance region widens,

@ decreases but B increases.

60 6l
b)
o2
e
Acceptance region
90 91
¢)
a/2 ) 2

For constant critical values the

folowing is valid:

As n increases, both a and p
decrease.

Acceptance region

0

—-——/

When H:0 =06, is false:

B increases as the true value of 6

approaches to 6, and vice versa.

Acceptance region

O

Figure 7.2 Relationships between « and £

121



Tests of Hypotheses for a Single Sample

Example 7.1

Suppose that the life length of an INFINITY light bulb (X; unit: hour) is normally distributed
with o =40°. We wish to test H,: u, =750 versus H: u, # 750 with a random sample of
size n =30 light bulbs.

Solution

1. Acceptance and rejection regions
Construct the acceptance and rejection regions of the test on 4 at a = 0,05

The test statistic of £ is the sample mean with the following sampling distribution:

— 40°
X ~N| y—

The acceptance region /<X <u for H, u, =750 versus H: u, =750 satisfies the

following:

1—a=1-0,05=0,95 = P(fail to reject H, | 1= 750)

0,95=P(I <X <u|u=750) =

:P( I- H X- H u—H |lu— J_

40/+/30 40/J— 40/+/30

[-750 _ u—"750
=P Z<— " |=P(-k <Z<k )=
(40/\/ 40/\/30) (. )

= P(-1,96 < Z <1,96)

Accordingly, the critical values are

=730 962 7=750-1,96x 20 _735.686
40/+/30 J30
T30 96 =750+ 1,96 x> _764.314
40/+/30 J30

Therefore

acceptance region of H: 735,686<x <764,314
rejection region of H: X <735,686 and X >764,314

2. pand power of test
Assume that the true value of g, =730hrs. Find the  and power of the test if the acceptance

region is 735,686 <x <764,314.
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B = P(fail to reject H, |H, is false) = P(735,686 < X < 764,314|u =730) =

:P[735,686—,u< X-p _764,314—p

< < =730 | =
40/\30  ~ 40/30 ~ 40/+/30 Ju )

_ (wggwjzmmsggz34,69864»:
40/~/30 40/~/30

= P(Z <4,70)— P(Z <0,78)=1-0,7823=0,2177

Power of the test =1— 4 =0,7823.

Hypothesis testing procedure

1.

A

We formulate the null hypothesis H,, and alternative hypothesis #, (double-sided or
one-sided).

Determine the test statistic and its distribution.

Calculate the value of the test statistic.

Select the level of significance « .

Determine a critical value(s) for the «.

Make a conclusion, such as we reject or fail to reject H, at « .

7.2 Tests on the mean of a normal distribution, variance known

Learning goals

[ Test a hypothesis on ¢ when o is known (z-test).

[1 Calculate the P-value of a z-test.

Compare the o —value approach with the P-value approach in evaluating hypothesis test
results.

Explain the relationship between confidence interval estimation and hypothesis testing.
Determine the sample size of a z-test for statistical inference on £ by applying an
appropriate sample size formula and operating charakteristic (OC) curve.

Explain the effect of the sample size n on the statistical significance and power of the
test.

Distinguish between statistical significance and practical significance.
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Inference context

Parameter: M

2
Point estimator of z: X~N(wZ); o7 is known
n

- X -
Test statistic of x: Z= a ~N(0,1)

0'/\/;

Test procedure (z-test):
Step 1: State the null hypothesis #, and alternative hypothesis H,.
H,: u=p, H: u+# p, fortwo-sided test
u < u, forlower—sided test
u > u, for upper—sided test

Step 2: Determine a test statistic and its value.

ZO—)?_'UO X~ Mo

= s z =
(7/\/;

’ o/\n
Step 3: Determine a critical value(s) for a.

k, for two—sided test
k,, for one—sided test

Step 4: Make a conclusion. Reject H,, if
|ZO| >k, for two—sided test
z, <—k,, for lower—sided test

z,>k,, for upper—sided test

P-value in hypothesis testing

The P-value is the smallest level of significance that would lead to rejection of the null

hypothesis H,, with the given data.
The P-value of a test statistic z, can be computed by using the following formulas:

2[1-@(|z,|)] for two-sided test
P=:1-@(z,) for upper-sided test
D(z,) for lower-sided test
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a verzus P-value approach

Two approaches are available to use in reporting the result of a hypothesis test:

1. a-value approach: States the test result at the value of a preselected.

2. P-value approach: Specifies how far the test statistic is from the critical value(s). Once
the P-value is known, the decision maker can draw a conclusion at any specified level
of significance « as follows:

= reject H, at if P<a
= fail toreject H, at o, otherwise

Note that the P-value approach is more flexible and informative than the a-value approach.

Formulas for confidence intervals (CI)

For 100(1— )% confidence interval on z, when o is known, the following formulas are
applied:

Xk L <u<X+k,~~ fortwo-sided CI

Jn “n

Xk — u for lower—sided CI
\/_

U< X +k, for upper—sided CI

9
“n
Testing hypotheses using the confidence interval

Null hypothesis H,: i = u, is rejected on the level of significance « if

My & {_ - T X+ %} for two—sided test

o > X +k,, 7 for lower—sided test

B

Uy <X —k,, % for upper—sided test
n

For example, suppose that a 95 % Cl on g is 751< <779 and we are testing H: =750
vs. H,: u#750 at a=0,05. Since the CI of x does not include the hypothesized value
1 =750, we will reject H, at a=0,05.
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Sample size formula

Formulas are used to determine the sample size of a particular test for particular levels of [

, that is difference between the true value u

(or power of test =1— ), a and 5(=|,u—,u0
and its hypothesized value ). For a z-test on single sample, the following formulas are
applied:

k +k ) o
n= M for two—sided test

n=———*"—— for one—sided test

Note that the sample size requirement icreases as «, fand d decrease and o increases.

Operating characteristic (OC) curve
Operating characteristic (OC) curves for a z-test on £ are provided in Appendix. The OC

curves plot S against d for various sample sizes n and two levels of significance & =0,01

and =0,05, i.c.

B=f(nda)
Table 7.2 Operating characteristic charts for z-test — single sample
Test a OC curve* OC parameter
. 0,05 OC-a
z-test ' 0,05 OC—c s o
One-—sided 0.01 OC—d
*See in Appendix.

Effect of sample size

As the sample size n increases, both the statistical significance (inverse to P-value) and power
(1— ) of the test increase. For example, Table 7.3 presents P-values and power of testing on

M for the following conditions:

2

- X~N(,u;2—j and ¥ =50,5
n

— Hy: pu=50vs. H: u#50
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— a=0,05 and the true value of 1 =350,5.
The P-value column indicates that, for the same value of X =50,5:

— H, isrejected at =0,05 when n =100 because P <a, while
— H, is not rejected at & =0,05 when n <50 because P>«.

Table 7.3 The P-values and powers of testing on £ for selected sample sizes

Sample size (n) 1-pP P-value Power of test (1-4)

10 . 0,43 . 0,124

25 . 0,21 . 0,240

. 50 ! 0,08 . 0,424

! 100 increasing 0,01 ! 0,705
increasing 400 statistical 5,73x107 increasing 0,998
sample size 1000 significance 2,57x10° | power of test >0,999

Statistical versus practical significance

The statistical significance of a test does not necessarily indicate its practical significance. For
example, when the sample size increases, then the power of the test increases. In this case,

any small departure of # from the hypothesized value 14, will be detected (in other words,
H,: u= u, will be rejected) for a large sample, even when the departure is of little practical

significance. Therefore, the analyst should check if the statistical test result has also practical

significance.

Example 7.2
For the light bulb life length data in Table 6.1, the following results have been obtained:
n=30, x=780, ¢’ =40
1. Hypothesis test on I, o’ known; two—sided test
Test Hy: =765 hrs vs. H,: yt# 765 hrs at a =0,05.
Procedure:

Step 1: State H, and H,.

H,: u=1765 H,: u+765
Step 2: Determine a test statistic and its value.

_Xopy 780765, i

z = = =
* o/dn 40/430
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Step 3: Determine a critical value(s) for a.
k, =koos =196
Step 4: Make a conclusion.

Since |ZO| =2,05396 > k,,s =1,96, H, reject at the level of significance a = 0,05.

2. P-value approach
Find the P-value for this two—sided z-test.

P=2[1-®(|z, )] =2[1- (| 2,05396 )] = 2[1—0,98001] = 0,03998

Conclusion: Since P =0,03998 <« =0,05, reject H, at «=0,05.

3. Relationship between CI and hypothesis test
Test H,: p=765hrs vs. H,: pt# 765hrs at o = 0,05 based on the 95 % two—sided Cl on 1.

Conclusion: Since the 95 % two—sided CI on x, 765,686 < 12 <794,314, does not include
the hypothesized value 765 hrs, reject H, at a =0,05.

4. Sample size determination
Determine the sample size n required for this two—sided z-test to detect the true mean as high
as 785 hours with power of test 0,9. Apply an appropriate sample size formula and OC curve.

a) Sample size formula
Power of test = P(reject Hy|H,, is false)=1- 8=0,9 = f=0,1 = 24=0,2
O=pu—p,=785-765=20

o (k, +kyy) 0" (kyos +hyy) 40" (1,96+1,28)740°
5 20° 20°

=41,9904 =42

b) OC curve
For two—sided z-test at & =0,05 and for a single sample, we calculate the value of the

parameter d :

,u—,uo| ||:m 0,5

gl _
o o 40

For d=0,5 and #=0,1, the OC-a curve displayed below (see also in Appendix)

provides the required sample size n = 44, which is close to the value n =42 calculated

by using the sample size formula.

128



Tests of Hypotheses for a Single Sample

0.8

0,6

Probability of accepting f

NE]

0 0.4 1 W3 2 2,5 3 e 4 4.5 5

d

OC-a curve for the two—sided normal test with different values of n and o = 0,05 .

7.3 Tests on the mean of a normal distribution, variance unknown

Learning goals

(] Test a hypothesis on £ when & is known (z-test).
'] Determine the sample size of a ¢-test for statistical inference on £ by using an

appropriate operating charakteristic (OC) curve.

Inference context

Parameter: U

_ 2
Point estimator of 4 : X~N(,Z); o? is unknown
n

.. X—u
Test statistic of u: T= ~t(n—-1
# S/\In (n=D)

Test procedure (z-test):
Step 1: State the null hypothesis #, and alternative hypothesis H, .
Hy: p=p, H: p# u, fortwo—sided test
M <y, forlower—sided test

M1 >y, for upper—sided test
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Step 2: Determine a test statistic and its value.

Xt X — 1y

= , { =
" S/n ° s/n

Step 3: Determine a critical value(s) for a.

t(n—1;a) for two—sided test
t(n—1;2c) for one-sided test
Step 4: Make a conclusion. Reject H,, if
|t0| >t(n—1a) for two—sided test
t,<—-t(n—1;2c)  for lower—sided test

t,>t(n—-1;2a) for upper—sided test

Formulas for confidence intervals (ClI)

For 100(1— )% confidence interval on £, when o is unknown, the following formulas are

applied:

= S = S .
X—-tn—1, a)T < u < X+tn-1, a)T for two—sided CI

n n
_ S '
X—-tn—-1, 20{)T < u for lower—sided CI

n
S

U< X +t(n—1, 2a) for upper—sided CI

In

Testing hypotheses using the confidence interval
Null hypothesis H,: £ = u, is rejected on the level of significance « if

My & {)_( —t(n—1 0{)i c X +t(n—1 a)i} for two—sided test
0 ’ \/; > ” \/;

Hy > X +t(n-1, 205)% for lower—sided test
n

- S
U, <X —t(n—1, 2a)—= for upper—sided test
n
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Operating characteristic (OC) curve

Operating characteristic (OC) curves for a t-test on 4 are provided in Appendix. The OC

curves plot S against d (for #-test) for various sample sizes n and two levels of significance

a=0,01 and a=0,05, i.e.

p=fnda)
Table 7.4 Operating characteristic charts for t-test — single sample
Test a ocCe OC parameter
. 0,05 OC—¢
Two—sided 001 O0Cf .
t-test 0,05 oC d =M =|g
One—sided ’ £ d c
0,01 OC-h

* As a o use sample standard deviation. °See in Appendix.

Example 7.3

For the light bulb life length data in Table 6.1, the following results have been obtained:
n=30, x=780, s* =40,0164".

1. Hypothesis test on I, ¢ unknown; two—sided test

Test H,: =765 hrsvs. H: u#765 hrs at & =0,05.

Procedure:
Step 1: State H, and H,.

Hy:pu=765  H;:pu#765
Step 2: Determine a test statistic and its value.

Xy 780765 oo
s/\In 40,0164/~/30

Step 3: Determine a critical value(s) for a.
t(n—1a) =1(30—-1;0,05) =1(29;0,05) = 2,045

%

Step 4: Make a conclusion.
Since [f,|=2,05312>#(29;0,05) =2,045, reject H, at the level of significance
a =0,05.
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2. Sample size determination
Determine the sample size n required for this two—sided #-test to detect the true mean as high

as 785 hours with power of test 0,9. Apply an appropriate OC curve.
Power of test = P(reject Hy|H,, is false)=1- =0,9 = $=0,1
O=pu—p,=785-T765=20

For two-sided #-test at o =0,05 and for a single sample, we calculate the value of the

parameter d :

d= 1= 14 :U=ﬂ=0,499795
o s 40,0164

For d =0,5 and f=0,1, the OC—e curve displayed below (see also in Appendix) provides

the required sample size n =45 .

OC - e : t - rozdelenie, &= 0,05, dvojstranny IS

g 10

0.8

0.6

0.4

Pravdepodobnost’ prijatia hypotézy H

0.2

[ R
[
1

1.5
d

OC—e¢ curve for the two—sided normal test with different values of » and o =0,05.
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7.4 Hypothesis tests on the variance of a normal population

Learning goals

] Test a hypothesis on o ( y° -test).

[ Determine the sample size of a y? -test for statistical inference on ¢ by using an
appropriate operating charakteristic (OC) curve.
Inference context
Parameter: o
z (X i _)? )2
i=1
n—1

e R
(o2

Point estimator of o : S2? =

Test statistic of o?: X

Test procedure (7-test):
Step 1: State the null hypothesis #, and alternative hypothesis H, .
H,:0’ =0, H;:o’ #0, fortwo-sided test
o’ < O'g for lower—sided test
o’ > a§ for upper—sided test

Step 2: Determine a test statistic and its value.

_ (n—-1)S? 4= (n—1)s>

0

X

2 2
O, Oy

Step 3: Determine a critical value(s) for a.
7’(n-L1-a/2) and y*(n—1La/2) for two—sided test
7 (n—=1;1—a) for lower—sided test
7 (n—1;&) for upper—sided test
Step 4: Make a conclusion. Reject H,, if
Zo<xy (n=L1—-a/2) or y; >y (n—1;a/2) for two—sided test

Zo<y'(n—1;1-a) for lower—sided test
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Zo> y’(n—1;a) for upper—sided test

Formulas for confidence intervals (CI)

For 100(1 — @)% confidence interval on o the following formulas are applied:

_ 1 2 _ 1 2
2(n )S <o’ <— (=13 for two—sided CI
y (n—-lLal/2) y(n-L1-a/2)
_ 2
% <o’ for lower—sided CI
X (n—-La
—NS?
o’ < 2(n )3 for upper—sided CI
X (n-Ll-a)

Testing hypotheses using the confidence interval

Null hypothesis H ;: o’ = aj is rejected on the level of significance « if

2 2
2 (n=DS3 , UDN for two—sided test
17’(n-Lal2) y*(n-L1-al2)
—-NDS?
ol > 5 (n=1)5 for lower—sided test
X (n-L1-a)
-DS?
op < (2’1—)S for upper—sided test
1 (n-La)

Operating characteristic (OC) curve

Operating characteristic (OC) curves for a y*-test on o are provided in Appendix. For the

two-sided alternative hypothesis H, : o” # o, , the OC—i and OC—j plot B against an abscissa

parameter

R

Oy

for various sample sizes n , where o denotes the true value of the standard deviation, and two

levels of significance @ =0,01 and o =0,05. The OC—k and OC-I1 curves are for upper—

sided alternative H,: o’ > o, , while the OC-m and OC-n are for lower-sided alternative

H: o’ <o,.
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Table 7.5 Operating characteristic charts for y-test — single sample

Test o OC curve* OC parameter
. 0,05 OC-i
Two—sided 0,01 0C—j
0,05 OC—k o
. S ’ A==
2-test Upper—sided 0.01 0C_1 o
0,05 OC-
Lower—sided o
0,01 OC—n

* See in Appendix.

Example 7.4
For the light bulb life length data in Table 6.1 and Example 6.3, the following results have

been obtained:

n=30, s* =40,0164"; 95 % two-sided Cl on o”: 31,88° <o’ <53,87°.
1. Hypothesis test on o ; two—sided test

Test H,: o° =40 vs. H;: o” #40” at @ =0,05.

Procedure:
Step 1: State H, and H,.

H,; =40 H;: o’ #40°
Step 2: Determine a test statistic and its value.
= (n _1)S2 _ (30—1)-42(),01642
o, 40
Step 3: Determine a critical value(s) for a.

27—l /2)= 7*(29;0,025) = 45,7

=29,0238

P (n=1:1/a/2) = 7*(29;0,975) = 16,0
Step 4: Make a conclusion.
Since )(3 =29,0238 €(16,0;45,7), fail to reject H, at the level of significance
a=0,05.
2. Relationship between CI and hypothesis test
Test Hy: 0 =40 vs. H,: 0 #40° at a = 0,05 based on the 95 % two—sided CI on o .

Conclusion: Since the 95 % two-sided CI on o, 31,88% <o’ <53,87%, includes the

hypothesized value 40°, fail to reject H, at & =0,05.
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3. Sample size determination
Determine the sample size n required for this two—sided y*-test to detect the true standard

deviation as high as 50 hours with power of test 0,8. Apply an appropriate OC curve.
Power of test = P(reject Hy|H,, is false)=1- 3=0,8 = f=0,2

For two-sided p’-test at & = 0,05 and for a single sample, we calculate the value of the

parameter A :

22930195
o, 40
For A=1,25 and B =0,2, the OC-i curve displayed below (see also in Appendix) provides

the required sample size n="75.

B 1,0

Probability of accepting H,
=

0,2

OC—i curve for the two—sided y*-test with different values of n and a = 0,05 .

7.5 Hypothesis tests on a population proportion

Learning goals

'] Test a hypothesis on p (z-test) for a large sample.
'] Determine the sample size for statistical inference on p by using an appropriate sample

size formula.
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Inference context

Parameter: p
. : ~ X
Point estimator of p : P=—where X ~ B(n,p)
n
- P-p
Test statistic of p: Z= ~N(0,1), np(1-p)>9

Np(l=p)/n

Test procedure (z-test):
Step 1: State the null hypothesis #, and alternative hypothesis H, .
Hy p=p, H: p#+p, fortwo-sided test
p<p, forlower—sided test

p > p, forupper—sided test

Step 2: Determine a test statistic and its value.

A
A

P—p, _ PP

—_— ZO_—
/po(l_po) po(1—py)
n n

Step 3: Determine a critical value(s) for a.

k, for two—sided test
k,, for one—sided test

Step 4: Make a conclusion. Reject H,, if

|zo| >k, for two—sided test
z, < —k,, for lower—sided test
z, > k,, for upper—sided test

Formulas for confidence intervals (ClI)

For 100(1 - )% confidence interval on p the following formulas are applied:

. P(1-P)

. <p<P+ k,”/w for two—sided CI
n n

P—-k

—=<p for lower—sided CI
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p < P+ k, PA=P) for upper—sided CI

a

n

Testing hypotheses using the confidence interval

Null hypothesis H: p = p, is rejected on the level of significance « if

s |Pa-pP) . [Pa-P .
Do e[Pka (—); P+k, (—)] for two—sided test
n n

P(1-P)
n

py>P+k,, for lower—sided test

P(1-P)
n

Do < P- k,, for upper—sided test

Sample size formula

For a hypothesis test on p, the following formulas are applied to determine the sample size:

nz[ka P(1=p) + ko P1=p) |

P~ Dy

for two—sided test

for one—sided test

" _{kZ(z po(1—py) +k2ﬂ\/p(1_p) 2

P~ Dy

Example 7.5
For the corroded bridge data in Example 6.4, the following results have been obtained:
. 28
n =40 and p=£=—=0,7.
n 40

1. Hypothesis test on p ; two—sided test
Test Hy: p=0,5 vs. H: p#0,5 at =0,05.
Procedure:

Step 1: State H, and H,.

H,;:p=05 H;:p=#0,5

Step 2: Determine a test statistic and its value.
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s P 07705 5556

°\/p0(1—p0) \/0,5><(1—0,5)
n 40

Step 3: Determine a critical value(s) for a.
k, =k, =1,96

Step 4: Make a conclusion.

Since |ZO| =2,5316 >k, ,s =1,96 , reject H, at the level of significance @ =0,05.

Sample size determination

Determine the sample size n required for this two—sided z-test to detect the true proportion p
as high as 70 % with the power of test 0,9. Apply an appropriate sample size formula.
p=70%=0,7
Power of test = P(reject H, |HO is false)=1- =09 = f=0,1 = 25=0,2

2 2
_[KAlP (= p) +hop (= D) | [ hopsn0.5%(1-0,5) +k,p /0,7 x(1-0.7) |
p_p() 057_0’5

B (1,96 x0,25+1,28x0,45826

2
=61,3535~62
0,2

7.6  Testing for goodness of fit

Statistical tests, which test a hypothesis about the type of distribution are called goodness of
fit tests. This section lists three different tests.

7.6.1 Pearson y°-test

Learning goals

"1 Explain the term categorical variable.

] Distinguish between nominal and ordinal variables.

"1 Explain why the expected frequency of each class interval should be at least three in the
goodness-of-fit test.

'] Conduct a goodness-of-fit test on a hypothesized distribution.
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Categorical variable
A categorical variable is used to represent a set of categories. Two types of categorical
variables are defined depending on the significance of the order of the category listing.

1. Nominal variable: The order of listing of categories is not meaningful.

E.g. gender (male and female) or hand dominance (left-handed, right-handed and

ambidextrous).
2. Ordinal variable: The order of listing of categories is meaningful.

E.g. education (less than 9 years, 9 — 12 years, more than 12 years), symptom severity

(none, mild, moderate, severe).

Inference context

The underlying probability distribution of the population is unknown. Thus, we wish to test if

a particular distribution fits the population.
E.g. H,: X ~F(A) (Poisson — discrete distribution)

H,: X ~ N(u,0%) (continuous distribution)

Test statistic

In these tests, the data from the random sample of size n are classified in the class intervals.
As a measure of the difference between observed and expected frequencies of class is taken
the test statistic

a (ni —np, )2
i=1 np;

X’ = ~x(r—s-1)
where r is number of class intervals,

n; is observed frequency of i-th class interval,

i
np, is expected frequency of i-th class interval, p, = P(t_, <X <t,|H, is true)
s 1s number of parameters of the hypothesized distribution that are estimated by

sample statistic.

Caution. Minimum expected frequency
One point to be noted in the application of this test procedure concerns the magnitude of the

expected frequencies. If these expected frequencies are too small, the test statistic X, will not

reflect the departure of observed from expected, but only the small magnitude of the expected
frequencies. There is no general agreement regarding the minimum value of expected

frequencies, but values of 3, 4 and 5 are widely used as minimal. To avoid this undesirable
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case, when an expected frequency is very small (say less then 3), the corresponding class
interval should be combined with an adjacent class interval and the number of class intervals

r 1s reduced by one.

Table 7.6 Goodness of fit test table

Class Observed Expected
intervals frequency Probability frequency (n.—np,)
I n; p; np; n; —np; np,;
1
2
r

A Pearson chi-square goodness of fit test ( 7 -test) is one of the most widely used tests,

which allows you to test the type of continuous and discrete distributions.

Test procedure ( y°-test)

Step 1: State H, and H,.

H,: X has a particular distribution vs. H,: X has not a particular distribution

Step 2: Determine a test statistic and its value.

a) Estimate the parameter(s) of the hypothesized distribution if their values are
not provided.

b) Define class intervals and summarize observed frequencies 7, accordingly.

c) Estimate the probabilities ( p, ‘s) of the class intervals.

d) Calculate the expected frequencies (np, ) of the class intervals. If an expected

frequency of a class interval is too small (less than 3), combine it to an adjacent class
interval. Then, repeat steps 2b) az 2d)

e) Calculate the value of test statistic
r _ 2
X(f — Z (ni npz)
i=1 np;
Step 3: Determine a critical value for a.
X (r=s-1a)
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Step 4: Make a conclusion. Reject H, if

2> 1 (r=s=-1a)
Caution. Upper—sided critical region
Since the test statistic X, becomes smaller as the hypothesized distribution fits better, no

lower limit is set as a critical value in the goodness of fit test.

Example 7.6 (Goodness-of-fit test; discrete distribution)

The number of e-mails per hour (X) coming to a certain firm’s e-mail account is assumed to
follow a Poisson distribution. The following hourly e-mail arrival data are obtained during
100 hours:

No. e-mails/hour ( X') 0 1
Frequency 60 28

Conduct a goodness of fit test at & =0,05 to confirm that the number of e-mails coming per

hour is governed by Poisson distribution.

Procedure

Step 1: State H, and H, .

H,: X~Po(A) H,: XAPo(A)

Step 2: Determine a test statistic and its value.

a) Estimate the parameter of the hypothesized distribution.

iIE/()?):0X60+1X2180:)_2X7+3X5=0,57

The number of parameters estimated is s =1.

b) Define class intervals and summarize observed frequencies 7, accordingly.

c) Estimate the probabilities ( p, ) of the class intervals.

p =P(X =0)= =0,57 p,=P(X=1)=

0,57 0
o =032

670’57 (O, 57)1
1!

-0,57 2
£ 500 (()"5 7 =0,02

670’57 (O, 57)3
|

P =P(X=2)= =0,09 p,=P(X=3)=

d) Calculate the expected frequencies (7p, ) of the class intervals. If an expected frequency

is too small (less than 3), adjust the class intervals.
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e-mails Observed Expected
intervals frequency Probability frequency (n, —np, )?
X n, D, np, n, —np, np,
0 60 0,57 57
1 28 0,32 32
2 0,09 9
3 or more 0,02 2

Since the expected frequency of the last class interval in the above table is less than

three, combine the last two cells as follows:

e-mails Observed Expected
intervals frequency Probability frequency (n.—np.)’
X n, D, np, n, —np, np,
0 60 0,57 57 3 0,15789
1 28 0,32 32 -4 0,50000
2 or more 12 0,11 11 1 0,09000

3 A2
e) Calculate the value of test statistic: y, = Zw =0,7488.

Step 3: Determine a critical value for a.

P (r—s—La)= 7 (3-1-10,05) = °(1;0,05) = 3,84

Step 4: Make a conclusion.

Since y; =0,7488< 7°(1,0,05)=3,84, fail to reject H, at a=0,05.

i

In other words, the number of e-mail arrivals per hour follows a Poisson distribution at the

level of significance o =0,05.

Example 7.7 (Goodness-of-fit test; continuous distribution)

The final scores X of n =40 students in a statistics class are summarized as follows:

Final scores (X)

X <60

60<x<70

70<x <80

80<x<90

90<x

Frequence

3

2

9

12

14

The mean and variance of the scores are 83 and 11,874, respectively. Test if a normal

distribution fits the test scores at = 0,05 .
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Procedure:
Step 1: State H, and H,.
H,: X ~N(83;11,874%) H, : X £ N(83;11,874%)

Step 2: Determine a test statistic and its value.
a) Estimate the parameter of the hypothesized distribution.
Since 4 and o’ are known, skip this step and the number of parameters estimated is
s=0.

b) Define class intervals and summarize observed frequencies 7, accordingly.

c) Estimate the probabilities ( p, ) of the class intervals.

p,=P(X <60)= P[Z < 6101f g7843 j = P(Z <-1,937) =1-®(1,937) = 0,0263725

60-83 _, _70-83)_
11,874 11,874
= P(~1,937 < Z < —1,0948) = @(~1,0948) - &(—1,937) = 0,1104295

foz:P(60£X<70):P(

P, =P(70< X <80) = P(~1,0948 < Z < —0,25265) = 0,263465
P, =P(B0< X <90) = P(-0,25265 < Z < 0,589523) = 0,321979
Py =P(90< X) = P(0,589523 < Z) =0,277754

d) Calculate the expected frequencies (7p, ) of the class intervals. If an expected frequency

is too small (less than 3), adjust the class intervals.

X Observed frequency #, Probability p, Expected frequency np,
x <60 3 0,0263725 1
60<x<70 2 0,1104295 4
70<x <80 9 0,2634650 11
80<x<90 12 0,321979 13
90 < x 14 0,277754 11

Since the expected frequency of the first class interval in the previous table is less than

three, combine the first two class intervals as follows:
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X Observed frequency n; Probability p, Expected frequency np,
x <70 5 0,136802 5
70<x <80 9 0,2634650 11
80<x<90 12 0,321979 13
90<x 14 0,277754 11
4 A N2
e) Calculate the value of test statistic ;(g = Zw =1,2586
i=1 i
X Observed frequency n; Expected . n. —np., (, _7[7 bk
frequency np, ' ! np,
x<70 5 0 0
70<x<80 11 -2 0,3636
80<x<90 12 13 -1 0,0769
90<x 14 11 3 0,8181

Step 3: Determine a critical value for a.

P(r—s—lLa)= 7 (4-0-1;0,05) = °(3;0,05) = 7,81
Step 4: Make a conclusion.

Since y, =1,2586 < x7(3;0,05) = 7,81, fail to reject H, at the level of significance
a=0,05.

7.6.2 Shapiro-Wilk normality test

The Shapiro-Wilk test can be used for a random sample of sizes 2<#n <2000 and for
individual measured values (not for grouped data like in Pearson y°-test).
Let x;,xp,...,x, are realizations of the random sample X|, X5,...,X,. When we

arrange observations by size in ascending order we get x, <x, <---<x,, what are

realizations of an ordered random sample X, , X ,),..., X,

Procedure for testing hypotheses

Step 1: State the null hypothesis H, and alternative hypothesis H,.

H,: X ~ N(u, 6°) versus H,: X # N(u, o), where 1, o are unknown
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Step 2: Determine a test statistic.

[iZ::ai(n)(X(n—iH) - X(z’))J

W = -
Z(Xi - )_()2
i=1
where
— a,(n) are coefficients listed in the table (see Annex);
_ 1 n
- X==>X,;
nio
L for n even
]2
- m= . :
" forn odd
2

Step 3: Determine a critical value for a.
W (n) is a value listed in the table for given n and a=0,01 or a=0,05 (see Annex).

Step 4: Make a conclusion. Reject H,, if
W <W,(n)
Note. In the case of large sample size it is possible to determine the critical values W, (n) by

using statistical software such as using Statgraphics Centurion XV.

7.7 Contingency table tests

Learning goals

'] Describe a contingency table.
"1 Conduct a contingency table test for independence/homogeneity of categorical

variables.

Contingency table rxc
Let us have a two-dimensional random vector Z =(X,Y)" of categorical variables. The X

may take values 1,2,...,r and Y values 1,2,...,c (r>1, ¢>1). Denote:

py=PX=iY=)), p =P(X=0=Yp,. p,=P¥=j)=2p,.
J=1 =
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Suppose that p; > 0 for all twosome (i, j).
Let the n elements of a sample from a population may be classified according to two
different criteria. When denote 7; the number of those cases in which X' =i and Y = j, the

results can be written in the form of so-called contingency table:

Table 7.7 An rxc Contingency table

X Y

1 2 c
1 ny n, n,
2 n,, n,, n,
r nrl nr2 nrc

Inference context

We wish to test the association between two categorical variables X and Y by using an rxc
contingency table for independence or homogeneity as follows:
— Independence: To examine if X and Y are independent, a representative sample is
selected from a single population and then each element in the sample is classified into
one of 7 categories in X and one of ¢ categoriesin Y .
E.g. classifying a sample of residents in RohoZnik in terms of sex X and occupation Y .
— Homogeneity: To examine if » populations X,, 1,2,...,r are homogeneous in terms of

Y , representative samples are selected from the » populations and then the elements of
each sample are classified into ¢ categoriesin Y .

E.g. classifying five samples of residents from different counties X in terms of
occupation Y .

Recall that for two indepenent events A and B is valid:
P(A|B)=P(4), P(B|A)=P(B) and P(4 B)= P(A)P(B).

Likewise, the relationship of two categorical variables is considered independent or
homogeneous if

. (X =x|Y)=P(X=x)=p,,
2. P(Y=y,[X)=P(Y=y)=p,,
3. P(X=x, Y:yj):pij :P(X:xi)P(Y:yj):pi.p.ja
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where: P(X :xl.|Y ) and P(Y = yj|X ) are conditional probabilities,
P(X =x;) and P(Y =y,) are marginal probabilities, and
P(X =x,, Y =y,) is the joint probability of X and Y.

Test statistic

2
< & (ny—npy)

=1 =1 np;

~ 1), v=(r=1(c-1)

where

n; is observed frequency of cell 77,

n; X n.j n, xXn

npij:n(pi.xp.j):n 7’-l><l’l = "

J

is expected frequancy of cell ij .

Table 7.8 Independence/Homogeneity Test table

Y
X Totals
1 2 c
n n, ny.
1 n,
npy, np,, np,.
n n n
) 21 21 2¢ n,
np,, np,, np,,.
nrl an nrv
r n,
nprl nprZ npr('
Totals n, n, h

Caution. Minimum expected frequency

Like the minimum expected frequency for the goodness of fit test (see Section 7.6.1), if an

expected frequency is too small (say less then 3), X can be improperly large for a small

departure of the observed frequency from the expected one. Thus, any category whose

expected frequency is small (less then 3) should be combined with an adjacent category.

Test procedure ( y*-test)

Step 1: State the null hypothesis H, and alternative hypothesis #, .

1. Testing for idependence

H,: X and Y are independent

H: X and Y are not independent
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2. Testing for homogeneity.
H,: X, (1,2,...,r) are homogenous in terms of Y
H: X, (1,2,...,r) are not homogenous in terms of Y

Step 2: Determine a test statistic and its value.

2
X, = ii (”l,,;l,,)~ % ((r=1)(c—1)), where np, = Ay,

j=1 i=1 i

Step 3: Determine a critical value for a.
2 ((r=1(c-1),@)

Step 4: Make a conclusion. Reject H, if

%> 7 (r=D(e=D,e)
Caution. Upper-sided critical region

Since the test statistic X, 02 becomes small as the null hypothesis of independence or

homogeneity is true, no lower limit is set as a critical value in the independence or

homogeneity test.

Example 7.8 (Contigency table test; Independence)

Grades in ergonomics X and grades in statistics ¥ of a hundred students are summarized as

follows:
Ergonomics grade X Statistics grade Y
A B Others
A 12 5 4
B 10 19 17
Others 4 8 21

Test if grades in ergonomics X and grades in statistics Y are independent at o =0,05.

Procedure:

Step 1: State H, and H, .

H, Grades in ergonomics X and grades in statistics ¥ are independent

H, Grades in ergonomics X and grades in statistics ¥ are not independent

Step 2: Determine a test statistic and its value.
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3.3 (nl..—npl..)2
L= =

=1 =1 np;

_(12-5,46) . (5-6,72) .\ (4-8,82) .\ (10-11,96)* . (21-13,86)" _
5,46 6,72 8,82 11,96 13,86

=19,4958 19,5

Ergonomics grade Statistics grade Y
Totals
X A B Others
12 5 4
A 21
5,46 6,72 8,82
10 19 17
B 46
11,96 14,72 19,32
4 8 21
Others 33
8,58 10,56 13,86
Totals 26 32 42 100

Step 3: Determine a critical value for a.
27(r=D(c-1),a)= 7 (3-1)(3-1),0,05) = *(4;0,05) = 9,49
Step 4: Make a conclusion.
Since 7 =19,5> 7(4;,0,05=9,49, reject H, at a =0,05.
It is concluded that grades in ergonomics X and grades in statistics ¥ are not independent at
a=0,05.
Example 7.9

A random sample of 300 adults with different hand sized X evaluates two mouse designs Y .

The evaluation results are summarized as follows:

) Mouse designs Y
Hand size X .
Conventional New
Small 35 65
Medium 20 80
Large 30 70
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Test if users in different hand size groups X have homogeneous opinions on the mouse
designs at o =0,05.

Procedure:
Step 1: State H, and H, .
H : Users in different hand-size groups are homogeneous in terms of opinions on

the mouse designs.

H,: Users in different hand-size groups are not homogeneous in terms of opinions on

the mouse designs.

Step 2: Determine a test statistic and its value.

) Mouse designs Y
Hand size X - Totals
Conventional New
35 65
Small
ma 283 71,7 100
) 20 80
Med
edium 283 717 100
30 70
L
arge 283 717 100
Totals 85 215 300

2
X = iiw =5,74981~5,75
j=1 =1 np;

Step 3: Detarmine a critical value for a.

2 ((r=D(c-1),e)= 2 ((3-1)(2-1);0,05) = x*(2;0,05) = 5,99
Step 4: Make a conclusion.

Since % =5,7< 1°(2;,0,05)=5,99, fail to reject H, at «=0,05.

It is concluded that users in different hand size groups do not have significantly different

opinions on the mouse designs at o =0,05.
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8 STATISTICAL INFERENCE FOR TWO SAMPLES

8.1 Inference for a difference in means of two normal distributions,
variances known

Learning goals

1 Test a hypothesis on z, — 4, when o and o are known (z-test).

1 Determine the sample size of a z-test for statistical inference on 4, — , by using an ap-
propriate sample size formula and operating characteristic (OC) curve.

] Establish a 100(1—a)% confidence interval (CI) on g —u, when of and o) are

known.
] Determine the sample size of a z-test to satisfy a preselected level of error E in estimat-

ing 44— 4, .
Inference context

« Parameter of interest: M= 1,

2 2
. : - o o, o
« Point estimator of g, — 4, : XI—X2~N(u1—,u,2,n—1+n—2),where
1 2

2 2
_ o, = o}
X1~N(/u17n_l) and X2~N(ﬂ2,n—2

1 2

);

o} and o, are known;

X, and X, are independent.

7 = (Xl _X22)_(/u;_:u2) NN(O,I)
o o

n n

o Test statistic of g, — u,:

Sampling distribution of X, - X,

The sampling distribution of X, — X, is
o

1 2
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2

where X~ N(M,i—l), X1 Xyoeees Xy, = 1.0 N (24,067);

1

2
_ o
X2~N(y2,n—2), Xois Xogseens X,

2

o, ~ 1. N(1,07);
X, and X, are independent.

N2 N2 02 02

Derivation of relationship X, — X, ~ N(g, —yz,n—1+n—2

1 2

Since X, and X, are independent and normal with means and variances E(X,), E(X,),

D(X,)=o0;/n, and D(X,)=03/n,, respectively, X, — X, is normal with mean and vari-

ance
E()zl - )zz) = E()zl)_ E()zz) =H -4
- o o, O o
DX, —X,)=D(X))+D(X,) =—+—=2
n. - n
Test procedure (z-test):
Step 1: State the null hypothesis H, and alternative hypothesis H,.
Ho:p, —u, =90, H,:u —p, #0, fortwo—sided test
M, — u, <0, forlower—sided test

M, — 1, >0, for upper—sided test

Step 2: Determine a test statistic and its value.

7 _(XI_XZ)_5O _(_1__2)_50
0 2 2 Zo = 2 2
0, 0, o, 0,
nn nn

Step 3: Determine a critical value(s) for o
k, for two—sided test
k,, for one-sided test

Step 4: Make a conclusion. Reject H,, if
|ZO| >k, for two—sided test
z, < —k,, for lower—sided test

z, > k,, forupper—sided test
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Sample size formula

It is possible to obtain formulas for calculating the sample sizes directly. Suppose that the null
hypothesis H,: ¢, — 1, =35, is false and that the true difference in means is y, —u, =0,
where 0 > ¢,,. One may find formulas for the sample size required to obtain a specific value
of the type II error probability £ for a given difference in means ¢ and level of significance

o .

For the two-sided alternative hypothesis with significance level «, the sample size

n, =n, =n required to detect a true difference in means of § with power of the test at least
1-p4 is
_(k,+ky, ) (07 +07)
(0-6,)°

For the one-sided alternative hypothesis with significance level «, the sample size

n, =n, =n required to detect a true difference in means of &(# J,) with power of the test at

least 1- 4 is

_ (Kyg +k2ﬂ)2(612 +0-22)
(5_50)2

Operating characteristic (OC) curve
Operating characteristic (OC) curves for a z-test on g, — u, are provided in Appendix. The
OC curves plot S against d for various sample sizes n (=n, = n2) and two levels of signifi-

cance @ =0,01 and a=0,05, i.e.

p=1(nd,a)
Table 8.1 Operating characteristic charts for z-test — two samples
Test a OC curve* OC parameter
‘ 0,05 OC—-a
Two—sided 001 0C—b do |5 - 50|
z-test ' 0,05 0C— NE

One—sided 0.01 OC—d

*See in Appendix.

154




Statistical Inference for Two Samples

Confidence interval formula

A 100(1— @)% Clon g — 4, , when o} and o; are known, is

2 2 2
Kk, /0_1+0_13ﬂ1_,,zg(>?1_>22)+k 01 + 2 for two—sided CI
n, n, n n,

)? - K,, f—+—‘ <y — u, for lower—sided CI
- ol o}
=y < (X1 - X2)+ k,, .[——+—— for upper—sided CI
nl nl

Derivation of formula for two-sided CI

X, —X -
By using the test statistic Z = ( 22 (,u; t) N(0,1), we get

o, o
O ,9%
nl nZ

P(-k,<Z <k,)=1-a

(k<<x X,) = (s u2><kj .

\/cr1 /n,+o;/n

Therefore,
2 2 2 2
o, O . o O
L= —k, |==+—= and U=(X -X,)+k, [—-+—=
nl n2 r]l n2

Testing hypotheses using the confidence interval

Null hypothesis H,: x4, — 1, = 9, is rejected on the level of significance o if

2
0, & [ f / o + 0—} for two-sided test
r-]l n2

0-1 2

o, > — + for lower—sided test
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2 2
0y < ()? =X, ) -k, (r)]-—l + % for upper—sided test
1 2

Sample size formula for predefined error

When determining the 100(1—a)% IS for g, — u, which shall not exceed a predefined error

E , the sample size is determined by the formula
k 2
n :(E“j x(o; +0,), where n, =n, =n

Example 8.1
The life lengths of INFINITY ( X, ; unit: hour) and FOREVER ( X, ; unit: hour) light bulbs
are under study. Suppose that X, and X, are normally distributed with o] =40° and

o, =307, respectively. The random samples of INFINITY and FOREVER light bulbs are

shown below:

Life lengths _ Life lengths ) Life lengths

| Xl XZ | Xl XZ | Xl X2
1 727 789 11 831 755 21 725 837
2 755 835 12 742 813 22 735 798
3 714 765 13 784 828 23 770 837
4 840 796 14 807 771 24 792 841
5 772 797 15 820 829 25 765 766
6 750 776 16 812 756 26 749

7 814 769 17 804 787 27 829

8 820 836 18 754 788 28 821

9 753 847 19 715 794 29 816
10 796 769 20 845 822 30 743

The two random samples are summarized as follows:

Brand of light bulb | Sample size | Value of sample mean Variance
INFINITY ( X)) n, =30 X, =780 hrs o} =40’
FOREVER ( X,) n, =25 X, = 800,04 hrs o, =30°

1. Hypothesis Teston g, — u,, o7 and o are known; two-sided test
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Test if the mean life length of an INFINITY light bulb is different from that of a FOREVER
light bulb at & = 0,05.

Step 1: State H, and H,

Hot sty =1, =0 Hytpy =1, #0
Step 2: Determine a test statistic and its value.
(X, —%,)—-0, (780-800,04)—0
ol o 40> 30’
n n 30 25

0

=-2,12

Step 3: Determine a critical value(s) for « .
K, =Ko o5 =1,96
Step 4: Make a conclusion.
Since |z,|=2,12 >k, =1,96, reject H, at a=0,05.
2. Sample size determination for predefined power of test
Determine the sample size n (=n, =n,) required for this two-sided z-test to detect the true

difference in mean life length as high as 20 hours with 0,8 of power. Apply an appropriate
sample size formula and OC curve.

a) Sample size formula

True difference: 6 = 4, — u, =20
Hypothetical difference: 6, = ¢, — 1, =0

Power of test = P(rejectH0|H0 is false)=1-$=0,8 = =02 = 28=0,4

o (K, +Kyp) (07 +03)  (Kyos +K,,) (407 +307) (1,96 +0,84)% x (407 +30%)

2 2 2 ~ 50
(6-0,) (20-0) (20-0)
b) OC curve
For two—sided z-test at & =0,05 and for two samples, we calculate the value of the pa-
rameter d :
0—0, 20-0
d= | 0| — | | — 0’4

Jol+o? 40?4307
For d =0,4 and =0,2, the OC-a curve displayed below (see also in Appendix) pro-

vides the required sample size n =50 which is the same value as calculated by using

the sample size formula.
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B 1.0

0,8

0,6

=]
~

Probability of accepting 7,

0.2 |t

=
=
in
[S%)
[
s
N
=N

4.5 5

OC-a curves for the two—sided normal test with different values of n and o =0,05.

3. Two-sided confidence interval
Construct a 95 % two-sided confidence interval on the mean difference in life length. Based

on this 95 % two-sided Cl on g, — u,, test Hy: g — 2, =0 vs. H: g, — 1, #0 at ¢ =0,05.
Pl<y—u,<u)=095=1-aa = a=0,05

95 % two-sided Cl on py, — u, :

(YI_YZ)_ka 0—1+&§ﬂ1_ﬂ2§(71—72)+ka A2
n, 2 n, n,
40* 30 40° 30°
(780—800,04) —ky sy — =+~ < = 1, <(780-800,04) £k, 5= =+ ==
2 2 2 2
20,04-1,96x 12 30 < <20,0441,96, 20 30
30 25 30 25

—38,56 <y, — p, <-1,51
Since this 95 % two-sided CI on u, — u, does not include the hypothesized value of 5, =0,
reject H; at ¢ =0,05.

4. Sample size determination for predefined error

Find the sample size n (=n, =n,) to construct a two-sided confidence interval on x; — 41,

within 20 hours of error at oz =0,05 .
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o =407, 07 =307, 1-=0,95 = a=0,05, E=20

2 2 2
k
n= Kk, x(o] +03)=| =2 | x(40° +30°) = 1,96 x2500 = 24,01~ 25
E 20 20

8.2 Inference for a difference in means of two normal distributions,
variances unknown

Learning goals

) Test a hypothesis on z, — u, when o} and o, are unknown (t-test).
| Determine the sample size of a t-testu for statistical inference on x4, — 1, by using an

appropriate operating characteristic (OC) curve.

] Establish a 100(1— )% confidence interval (CI) on z — 4, when o] and o, are un-

known.

Inference context

« Parameter of interest: 1, — 1,

2 2
. Pointestimator of 1 —,: X, = X, ~ N(t, — 1,, 2=+ 22, where
n n

1 2

2
%

2
_ o _
X1~N(,Ll1,n—1), XzNN(Iu29 );

1 2

o; and o) are unknown;
X, and X, are independent.
o Test statistic of g, — g, : Different test statistics of g — , are used depending on the

equality of o7 and o, as follows:
Case 1: Equal variances (o, =0, =7°)
T X=X - — )
i

2 2
(n, =DS; +(n, =S, (pooled estimator of 0'2)
n+n,-2

~t(v), v=n+n,-2

where S; =

159



Statistical Inference for Two Samples

Case 2: Unequal variances (o7 # 7, )

T:(Xl—)zz)—(,ul—,uz)~,[(V) . (S;/n+S;/n)*
s s (ST/n) , (S1/n,)
nn, n +1 n,+1

2
Note. The equality of two variances (o, = o, or 0—12 =1) can be checked by using an F-test.
2

Test procedure (t-test):
Step 1: State the null hypothesis H, and alternative hypothesis H,.
Ho:p, —u, =90, H,:u —p, #0, fortwo—sided test
M, — u, <0, forlower—sided test

M, — 1, >0, for upper—sided test
Step 2: Determine a test statistic and its value.

Case 1: Equal variances (o =0, =07)

7 ¥\ X —X,)=0,
T0:M~t(v),1/:nl+n2—2; tozw’“t(‘/),
s [1,1 o1
p n7+n7 > ni ni
1 2 1

n —1)S} +(n, —DS;
where S) _ (=S, +(n, =15, (estimator of o) and
n +n,-2

T

, (=S} +(n,-1)s;

S, 2
n,+n,-2

(estimate of &)

Case 2: Unequal variances (o} # 03 )

X =X,)=9, S*/n +S/n)’ X —X,)—9,
T0:(12—2)20~t(v)’1/: S(Z} 12 282/2) ——2; t0:(1 22)20~t(v)
i+i (1 n1) +(2 nz) i+i
nl nz n1+1 n2+1 n1 n2

Step 3: Determine a critical value(s) for « .
t(v;a) for two—sided test

t(v;2c) for one—sided test
Step 4: Make a conclusion. Reject H,, if
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|t0| >t(v;ax)  for two—sided test
t, <—t(v;2a) for lower—sided test

t, >t(v;2a) for upper—sided test

Operating characteristic (OC) curve

Table 8.2 displays a list of OC charts and a formula of the OC parameter d for a t-test on

4, — i, where o =0, =’ and n, =n, =n. Note that OC curves are unavailable for a t-
test when o7 # 0, because the corresponding t-distribution is unknown. In this case, we pro-
ceed as follows. By using the Table 8.2, the appropriate OC chart for a particular t-test is cho-
sen. The sample size n* obtained from an OC curve is used to determine the size n(=n, =n,)
as follows:

n*+1

, where n* is from an OC curve

Table 8.2 Operating characteristic charts for t-test — two samples

Test a oc” OC parameter
. 0,05 OC-e
Two—sided o
0,01 OC—Ht | S—-06 |
rest 0,05 0C- d="5"
One—sided ’ g 20
0,01 OC-h

°For &, use S, (pooled estimate of common standard deviation) or subjective estimate.

"See in Appendix.

Confidence interval formula

A 100(1-a)% CI on g, — i, when o and &, are unknown depends on the equality of o

and o as follows:

Case 1: Equal variances (¢, =0, =7°)

_ 1 1 S o I 1 .
(Xl—Xz)—t(v;oc)Sp /n—l+n—2£,u1—,u2S(XI—X2)+t(v;a)Sp /H_1+E for two-sided CI

S o I 1 .
(X1 - Xz)—t(v;204)5p /n—+n— < u, — p, for lower—sided CI

1 2
o o 1 1 .
,ul—,uzS(XI—X2)+t(v;2oc)Sp /n_+n_ for upper—sided CI
1 2
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Case 2: Unequal variances (o7 # 7, )

2 _ SZ SZ
( —t(v; a) S S X, X2)+t(v;a) n—1+n—2 for two-sided CI
1 2
2
( —t(v; 2a) S —p, for lower—sided CI
_ / s
M= 1 S(X1 X )+t(v ) n—+ - for upper—sided CI
1 2

Testing hypotheses using the confidence interval

Null hypothesis H: x, — 1, = J, is rejected on the level of significance « if

Case 1: Equal variances (o =0, =0°)

0, & ( -t(v;a)S, f +t(v )S, ! +L} for two-sided test
r-]l n2
_ _ 1 1 .
0, > (X1 - X, ) +1(v;20)3, /n— + - for lower—sided test
1 2
s o 1 1 .
0, < (X1 - X, ) —-t1(v;2a)3, /— +— for upper—sided test
nl n2

Case 2: Unequal variances (o} # 7, )

2
S, & {( —t(v;a) / S

G o S} 'S;

S, >(Xl - Xz) +t(v;2a) n—l + n—z for lower—sided test
1 2
c o S! S?

6, < (X1 - X, ) -t(v;2a) n—l + n—2 for upper—sided test
1 2

CI and hypothesis test for a large sample

2 2

+ t(v;a), |[— S for two—sided test
nl n2

If the sample sizes are large (n, =30 and n, >30), the z-based CI formulas and test proce-
dure in Section 8.1 can be applied to inference on gz, — u, regardless of whether the underly-

ing populations are normal or non-normal according to the central limit theorem (described in
Section 5.3.
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Example 8.2
For the light bulb life length data in Example 8.1, the following results have been obtained:
Brand of light bulb | Sample size Value of sample mean Variance
INFINITY ( X,) n, =30 X, =780hrs s; =40,0164°
FOREVER ( X,) n, =25 X, =800,04 hrs s; = 30,0048’

Case 1: Equal variances (o] =03 =c°)

1. Hypothesis Test on z, — ,, o; and o, are unknown and equal; two-sided test
Assuming o] =0, test if the mean life length of an INFINITY light bulb is different from
that of a FOREVER light bulb at o =0,05.

Step 1: State H, and H,

Hot sy =1, =0 Hytpy =1, #0
Step 2: Determine a test statistic and its value.

x 0, 780 800, 04
i — 35 83,/— —
n n 30 25

¢ ~1)s; +(n,-1)s; 5 - (30-1)x40,0164 +(25-1)x 30,0048’
P n +n,—2 30+25-2

=-2,065

=1283,87

= s, =35,83
Step 3: Determine a critical value(s) for « .
t(v,a)=1t(53,0,05)=2,006 , v=n+n,-2=30+25-2=53
Step 4: Make a conclusion.
Since [t,|=2,065> t(53;0,05) =2,006, reject H,, at & =0,05.
2. Sample size determination (o7 =o;)

Assuming o] =0, , determine the sample size n (=n = n2) required for this two-sided t-test

to detect the true difference in mean life length as high as 20 hours with 0,8 of power. Apply
an appropriate OC curve.

True difference: 0 = 4, — u, =20
Hypothetical difference: 6, = 1, — 11, =0
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For a two—sided t-test at & =0,05 and for two samples, we calculate the value of the parame-
ter d:
do |66, _ 6-6,| _ 20-0|
20 2s, 2x35,83

~0,28

where

s? = (n1 _1)512 +(n2 _1)522 —
n+n,—2

p

_ (30-1)x40,0164% +(25—1)x 30,0048

=1283,0=35,83>
30+25-2

For d =0,28 and £ =0,2, the OC—¢ curve (see in Appendix) provides the required sample
size N=100.

3. Confidence interval on z, —u,, o; and o2 unknown but equal; two-sided Cl
Assuming o =0, , construct a 95 % two-sided confidence interval on the difference in mean

life length 2, — 1, .
Pl<u—u,<u)=0,95=1-a = a=0,05
v=n+n,-2=30+25-2=53; s;=35,83

95% two-sided Cl on 2, — 14, :

- o 1 1 - = 1 1

(X, =%)-t(v;a)s, |[—+— < g — p, <(X, =%, ) +t(v;)8, | —+—

n n \n n,
. 11 . 1 1
(780—800,04)—'[(53,0,05)><35,83 %-1—2—5 <u-u S(780—800,04)+t(53,0,05)x35,83 %+2—5

—20,04-2,065%x9,703 < 4, — 1, £-20,04+2,065x9,703
—-39,502 < g, — pt, £ —0,577995
-39,5 <y, — 1, <—-0,600
Note that this t-based CI (-39,5< 1, — 1, <—0,600) is wider than the corresponding z-based

CI(-38,56 < u; — y, <—1,51) in Example 8.1.

Case 2: Unequal variances (o} #o;)

1. Hypothesis Teston g, — u,, 0. and o> are unknown and unequal; two-sided test
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Assuming 0'12 * 0'22 , test if the mean life length of an INFINITY light bulb is different from

that of a FOREVER light bulb at o =0,05.
Step 1: State H, and H,

Ho:ty—1,=0  Hypy =1, #0
Step 2: Determine a test statistic and its value.
780 800 04) 0

\/40 0164° 30,0084’
\/ 25

_(S$}/n+S)/n)’ e (40,0164% /30+30,0048> /25)°
(S} /n)? N (S /n,)’ (40,0164% /30)° N (30,0048’ / 25)°
n +1 n, +1 30+1 25+1

=-2,12

-2=56,3552~57

Step 3: Determine a critical value(s) for « .
t(v;ax) =1(57;0,05) = 2,00
Step 4: Make a conclusion.
Since |t,|=2,12>t(57;0,05) = 2,00, reject H, at & =0,05.

2. Sample size determination (o} # o7

Assuming o; =0, , determine the sample size n(=n, =n,) required for this two-sided t-test

to detect the true difference in mean life length as high as 20 hours with 0,8 of power. Apply
an appropriate OC curve.

True difference: 6 = g — u, =20
Hypothetical difference: 6, = 1, — 1, =0

For two—sided t-test at & =0,05 and for two samples, we calculate the value of the parameter

d:

d= |5_§0| _ |5_50| _ |2O_O|

- ~0,28
26 2s,  2x35,8

where

_ 2 _ 2 _ 2 _ 2
s;=(nl DS +(n, =S _ (30-1)x40,0164° +(25-1)x30,0048" _ |0 ~c o
n +n,—2 30+25-2

For d =0,28 and £ =0,2, the OC—¢ curve (see in Appendix) provides the value of n* =100
as displayed below.
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g 10

0,8

A /1]

o
o)}

=
B

Probability of accepting #

0,2

0] i
SELE
/\4 .

[ /7%

A\

0 0,28 0,5 1 1 2,5 3

OC—e curves for the two—sided t-test with different values of n and o =0,05.

Thus the required sample size n is

n“+1 100+1
n= =

=50,5~51
2

3. Confidence interval on z, —u,, o] and o; unknown and unequal; two-sided ClI
Assuming o; # 0, construct a 95 % two-sided confidence interval on the difference in mean
life length 4z —u,. Based on this 95% two-sided CI on g, —p,, test Hy: g, — 1, =0 vs.
H: oy —u,#0 at =0,05.
Pl<y—u,<u)=0,95=1-a = a=0,05
(S} /n,+S7/n,)

YT Sy
n +1 n,+1

2~57
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95 % two—sided Cl on g, —

(X, —%,) t(voz)/—1 —223 o <(% - +t(va)/—1 —22
(X —%)-t(57;0 05),/—1 —5 %, )+1(57;0,05) /—1 _5

\/40,01642 N 30,0048
25

40,0164> 30,0048
+ <

< (780 -800,04)+2,00
30 25

(780 —800,04) - 2,00\/

~20,04—-2,00%18,9091 < 11, — 11, < —20,04+2,00x18,9091
~39,0079 < g1, — 1, <—1,07207
~39,0< g, — g1, < —1,1

Since this 95 % two-sided CI on g — x4, when o, and o, are unknown and unequal does

not include the hypothesized value zero (0, =0), reject H, at & =0,05.

8.3 Paired t-test

Learning goals

'] Explain a paired experiment and its purpose.

[ Test a hypothesis on g, for paired observations when o7, is unknown (paired t-test).

1 Establish a 100(1 - )% confidence interval (CI) on g, paired observations when or

1s unknown.

Paired experiment

A paired experiment collects a pair of observations ( X, and X,) for each specimen (experi-

mental unit) and analyzes their differences (instead of the original data). This paired experi-
ment is used when heterogeneity exists between specimens and this heterogeneity can signif-

icantly affect X, and X, ; in other words, X, and X, are not independent.
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Inference context

« Parameter of interest:

2

. Point estimator of x4, : D=X, - X, ~ N(,uD;ﬁ), Uy unknown;
n
X, and X, are not independent.

- D-
o Teststatisticof u,: T = o ~t(n-1)

S, /+/n

Test procedure (paired t-test):
Step 1: State the null hypothesis H, and alternative hypothesis H,.
Ho: 1y =0, H,: 1 # 0, fortwo—sided test
MUy < 6, for lower—sided test
MUy > 0, for upper—sided test

Step 2: Determine a test statistic and its value.

D-¢ d-g
T, = L ~t(n-1); t,= g
0 SD/\/H ( ) 0 SD/\/H

Step 3: Determine a critical value(s) for o .
t(n—1; ) for two—sided test

t(n—1; 2a) for one—sided test
Step 4: Make a conclusion. Reject H if
[to|>t(n=L;r)  for two-sided test
t, <-t(h—-1L2a) for lower—sided test

t,>t(n—1;2a) for upper—sided test

Confidence interval formula

A 100(1-a)% Clon g, when o2 is unknown, is
SD
TS H
\/ﬁ D
So.
Jn

Uy <D+t(n-1; 20{)8—D for upper—sided CI
n

In

So

Jn

< 4y for lower—sided CI

D-t(n-1; ) <D+t(n-La) for two—sided CI

D-t(n—1;2a)

168



Statistical Inference for Two Samples

CIl and hypothesis test for large sample

If the sample size is large (n > 30), the z-based CI formulas and test procedure in Section 7.2

can be applied to inference on x; according to the central limit theorem.

Example 8.3

The weights (unit: kg) before and after a diet program for 30 participants are measured below.

_ Before After _ Before After _ Before After
o B N R N R O X)) (X,)
1 72,575 69,400 | 11 71,668 63,503 21 77,111 69,853
2 78,018 72,575 | 12 92,986 88,904 | 22 98,883 96,616
3 69,853 61,689 | 13 74,389 71,668 23 66,678 60,781
4 95,254 89,811 | 14 102,058 93,894 | 24 78,471 71,668
5 78,471 75,296 | 15 84,368 82,554 | 25 88,451 84,822
6 65,771 61,689 | 16 70,307 67,585 26 99,790 94,801
7 89,811 82,554 | 17 83,461 79,832 27 97,522 93,440
8 74,843 72,575 | 18 78,471 70,760 | 28 93,440 91,172
9 81,647 80,739 | 19 81,193 75,750 | 29 74,843 70,760
10 78,018 77,564 | 20 76,204 68,946 | 30 77,111 69,853

The summary of the weight data is as follows:

Sample size Sample mean )
Sample variance

(weight loss)
d =4,687

(no. participants)

n=30 sp =5,297.

where d ="Before — After".

1. Hypothesis test on z,, o7, unknown; two-sided test
Test if there is a significant effect of the diet program on weight loss. Use a =0,05.
Step 1: State H, and H,.
Hy: o =0  H;:pyy#0

Step 2: Determine a test statistic and its value.
~d-9,  4,687-0
Cso /4N 2,3015/+/30
Step 3: Determine a critical value(s) for « .

t(n—1; ) =t(30—-1; 0,05) =t(29; 0,05) =2,045

t, =11,15436
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Step 4: Make a conclusion.

Since |t,| = 11,15436 > 1(29;0,05) = 2,045, reject H, at o =0,05.

2. Confidence interval on x4, o, unknown; two-sided CI
Construct a 95% two-sided confidence interval on the mean weight loss x4, due to diet pro-

gram. Based on this 95% two-sided Cl on g, test H,: 25 =0 vs. H;: g5 20 at  =0,05.

Pl<u, <u)=0,95=1-a0 = a=0,05; n-1=30-1=29
95 % two-sided Cl on g4 :

- S - S
d-tn-La) =<y, <d+t(n-La)—>=
Jn TP Jn

2.3015 _ 2,3015
N V30

4,687 —2,045%0,4202 < p, <4,687 +2,045x0,4202
2,968382 < 1, <6,405618
2,968 <, <6,406

4,687 —1(29;0,05)

s < 4,687 +1(29;0,05)

Since this 95 % two-sided CI on g, does not include the hypothesized value zero (6, =0),

reject H; at o =0,05.

8.4 Inference on the variances of two normal populations

Learning goals

'] Test a hypothesis on the ratio of two variances 0'12 / 022 (F-test).

[ Determine the sample size of an F-test for statistical inference on o /o, by using an

appropriate operating charakteristic (OC) curve.

(] Establish a 100(1 - a)% confidence interval (CI) for o, /o3 .

Inference context

) o,
« Parameter of interest: —
o,
2 2
] ) o S
« Point estimator of —: —, where
o, S,
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Z(Xli_xl)z z(xzi_xz)z
S; =+ and S; == ;
n -1 n, -1

X1NN(ﬂ1a012) and X2~N(y2,0'22);
X, and X, are independent.

2 2 2
- S/
« Test statistic of 6—12: F== 012 ~F(n,-1,n,-1)
o, S, /o3

Test procedure (F-test):
Step 1: State the null hypothesis H, and alternative hypothesis H, .

2 2 2 2
o} O o O .
Hy =L =—% H;: =L #—% for two-sided test
O, 0O, O, O,
2 2
O, O .
—L < =% for lower—sided test
O, Oy,
2 2
Gl

o .
L > —L for upper-sided test,
O, Oy

Step 2: Determine a test statistic and its value.
2 2 ) 2 2 2 2
B S; /oy, _5_162,0 5 /oy, _Si 95

07 o2 2 T o2 2
Sz/o'z,o S, Oip

~F(m-Ln,=1;

- Sz2 /0'22,0 B 55 0-12,0
Step 3: Determine a critical value(s) for « .
f(n,-1L,n,-L,1-a/2)a f(n,—1,n, —La/2) fortwo-sided test

1
f(n,-Ln -lLa)

f(n-Ln,-1L1-a) (: ] for lower—sided test

f(n-Ln,-lLa) for upper—sided test,

Step 4: Make a conclusion. Reject H, if
f,<f(n,-1Ln,-1L1-a/2) or f,>f(n —1,n,—1L,a/2) for two—sided test
f,<f(n,-Ln,-1,1-a) for lower—sided test

f,>f(n,-1Ln,-La) for upper—sided test
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Operating characteristic (OC) curve

Table 8. displays a list of OC charts and a formula of the OC parameter A for an F-test on
o / o, where n, =n, =n . By using the Table 8., the appropriate OC chart for a particular F-

test is chosen.

Table 8.3 Operating charakteristic for F-test (two random samples)

Test a OC curve OC parameter
0,05 OC—
Two-sided 0.01 oC © o
F-test 0’05 o p A= ;1
One-sided ’ q 2
0,01 OC—r

Confidence interval formula

2
A 100(1-a)% Cl on 0—12 is as follows:

0,
two—sided CI
S] 1 ol _S] 1
sl <L <71
S; f(n,-1Ln,-La/2) o S; f(n,-Ln,-L1-a/2)

or
2 2 2
%f(nz—l,nl—l,l—a/z)sa—gs%f(nz—l,nl—l,a/z)
2 2 2
lower—sided CI
2 2 2 2
S : <% o St —Ln, ~L1-a)< 2L
S, f(n-1L,n,-La) o, S; o,
upper—sided CI
2 2 2 2
oS 1 or O <Stn,~1n ~La)
0'22 822 f(n-Ln,-1L1-a) 0'22 522

Derivation of formula for two-sided Cl on o7/ o}

S; /o,
Sl /ol

By using the test statistic F, = ~F(n,—1,n,—1), we get
P(f(nl—l,nz—l;l—a/2)£ FO < f(nl_lanz_l;a/z))zl—a
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P| f(n —1,n,—1;1- a/2)<S /02<f(n1—1,n2—1;a/2) oy
S! o}
2 2 2
(S' f(n-1L,n,-;1-a/2)< Gzﬁslzf(nl—l,nz—l;a/2)j=1—a
2 o, S,
or
S_f 1 Lo S2 1 B
S; f(n,-1Ln,-La/2) 02 52 f(n,-1,n,-;1-a/2)
Therefore,

2 2

_S - f(n, - —1;1—05)28—12 !
; S, f(n-1Ln,-L)
2 2

U=S—‘2f(n2— 105)—8—2 !
S, S, f(n - -L1-a)
Example 8.4
For the light bulb life length data in Example 8.1, the following results have been obtained:
Brand of light bulb | Sample size Value of sample mean Variance
INFINITY ( X,) n, =30 X, =780 hrs s; =40,0164°
FOREVER ( X,) n, =25 X, = 800 hrs s; =30,0048"

1. Hypothesis test on o} / o; ; two-sided test

Test H,: 07 /07 =1 vs. H;: 07/o7 #1 at @ =0,05.
Step 1: State the null hypothesis H, and alternative hypothesis H,.
2
Hozo-—lzzl H]'O-l #1
0, O-z

Step 2: Determine a test statistic and its value.

ix"” 40,0164’
s> of, 30,0048

x1=1,77867

f, =

Step 3: Determine a critical value(s) for «
1
f(24,29,0,025)

— Y

f(n—1,n,—1,1-a/2)= (29,24,0,975) =

f(n—1,n,—La/2)= f(29,24,0,025) = 2,22
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Step 4: Make a conclusion.

Since f,=1,78> 1(29,24,0,975)=0,46 and f, =1,78 < £(29,24,0,025) =2,22, fail
to reject H, at & =0,05.

2. Sample size determination
Determine the sample size n(=n, =n,) required for this two-sided F-test to detect the ratio of

o, to o, as high as 1,5 with 0,8 of power. Apply an appropriate OC curve.

To design a two-sided F-test at o =0,05, OC—o chart is applicable with the parameter
A=21-15
0,
By using A =15 and #=0,2 (because power=1-=0,8), the sample size required is de-
termined n(=n, =n,) =50 as displayed below.

B 1,0

0,8

0,6

0.4

Probability of accepting H

0,2

OC—o curves for the two—sided F-test with different values of n and a =0,05.

3. Confidence interval on o} /o, ; two-sided ClI

Construct a 95% two-sided confidence interval on o; /o . Based on this 95% CI on o7 /o,

test H,:07 /o, =1 vs. H,:07/0s #1 at & =0,05.
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2
PA<ZL<u)=0,95=1-¢ = a=0,05

0,
95 % two-sided CI on o7 /05 :
S] 1 ol _S; 1
S <2l <=1
S; f(n,-1Ln,-La/2) o S; f(n,-Ln,-L1-a/2)

40,0164° 1 _or 40,0164’ 1
30,0048" f(29;24;0,025) o, 30,0048 f(29;24;0,975)

40,0164 1 <012<4O,01642 1

30,0048 2,22 o5 30,0048 0,46

2

0,801201< G—‘z <3,86663

0,

2
9 <3,867

o,

0,801<

2

Since this 95% two-sided CI on o] /o5 include the hypothesized value unity (lz’o =1), fail
2,0

to reject H, at  =0,05.

8.5 Inference on two population proportions

Learning goals

| Test a hypothesis on p, — p, (z-test).
1 Determine the sample size of a z-test for statistical inference on p, — p, by using an ap-

propriate sample size formula.
1 Establish a 100(1 — &) % confidence interval (CI) on p, — p,.

Inference context

Parameter of interest: p, — p,

pl(l_ pl) + pz(l_ pZ)],where

Point estimator of p,—p,: P -P,~N (pl - P,
n n

1 2

Xl - B(n19 p1)a Xz - B(nza pz);
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np,d-p)>9and n,p,(1-p,)>9;
X, and X, are independent;

px_N(pMj and @:LN(pppza—p»j_
n n

nl 1 2 2
Test statistic of p, — p,: The test statistic of p, — p, depends on the equality of p, and p,

as follows:

Case 1: Unequal proportions ( p, # p, )

7 — (P1_P2)_(p1_p2) ~N(0,l)
\/pl(l_ p1) + pz(l_ pz)

n, n,

Case 2: Equal proportions (p, = p, = Pp)

_ (B-P)-(p-p) _ P-P,
1- 1—
Jpl(n ), 0= Jp“—p)(l*lj
1 2 nl I’\2
PP ~N(0,1), where P = X+ X, (estimator of P )

Z =

~ A n+n
\/P(I—P)[1+1j b
n1 n2

Test procedure (z-test):
Step 1: State the null hypothesis H, and alternative hypothesis H, .
Hy: p,—p, =96, H,;: p—p,#0, fortwo-sided test
p,—Pp, <o, forlower—sided test
p,— P, >0, forupper—sided test

Step 2: Determine a test statistic and its value.
Case 1: Unequal proportions ( p, # p, )

;. (R-P)-6 _  (R-P)-4
0 ~ ~ A ~
\/pl(l— P), P(=P)  [R(-P) P(-PB)
nl rl2 r]1 n2
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Statistical Inference for Two Samples

Case 2: Equal proportions (p, = p, =p)

Step 3: Determine a critical value(s) for « .

k, fortwo-sided test

k,, for one-sided test

a

Step 4: Make a conclusion. Reject H, if
|z,| >k, for two—sided test
z, < —k,, for lower—sided test
z, > k,, forupper—sided test

2a

Sample size formula

For a hypothesis test on p, — p,, the following formulas are applied to determine:

2
k + +0,)/2+K, 44/ +
n= “\/(pl P.)(G +) 2N PG F P for two—sided test
pl_pz
2
k + +0,)/2+K,54/P,0 +
n= 2a\/(p1 P.)(d sz) . 25V P pzqu for one—sided test
1~ M2

where n,=n,=n, g, =1-p,and g, =1-p,.

Confidence interval formula

Like the test statistic on p, — p,, a 100(1-a)% CI on p, — p, depends on the equality of p,
and p, as follows:
Case 1: Unequal proportions ( p, # p, )

nl n2

<p-p<(B-B)+ ka\/ RUZP) BOZR) for wo-sided C1
1 2
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Statistical Inference for Two Samples

(P - |32)_k2a\/Pl(l_ R) + RA=F) <p,—p, forlower—sided CI
nl n2

FA)l(l_FE) + Fsz(l_ |f>2)

p-p<(B-P)+ kz,,\/ for upper—sided CI

1 n2
Case 2: Equal proportions (p, = p, = p)

(P —ﬁz)—ka\/ﬁ(l— ﬁ){i+i] <

1 nZ

<p -p,<( Al - Az) + ka\/ﬁ(l — FA’)(L+LJ for two—sided CI
nl n2
Ao A ~f 1 1 .
(P-P)- kzd\/P(l— P)[—+—j < p, — p, for lower—sided CI
nl nZ

p—p, = (FA)l - |52) + kza\/ls(l — FA’)(iJriJ for upper—sided CI
r‘Il n2
Example 8.5

Random samples of bridges are tested for metal corrosion in the A and B counties, resulting

in the following:

Sample size X Sample proportion
County ) . .
(no. bridges) (no. corroded bridges) (p,=x/n)
A n, =40 X, =28 p,=0,7
B n, =30 X, =15 p, =0,5

1. Hypothesis teston p, — p,; p, # p,; unequal proportions; upper-sided test
Assuming p, # p, test if the proportion of corroded bridges of the A county exceeds that of
the B county by at least 0,1. Use a =0,05.

Since

np, =40x0,7=28, n(1-p,)=40x0,3=12
n,p, =30x0,5=15, n,(1- ,)=30x0,5=15

are greater than nine, the sampling distributions of I51 and I52 are approximately normal.
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Statistical Inference for Two Samples

Step 1: State the null hypothesis H, and alternative hypothesis H, .
Hy: p—p,=0.1 H:p-p,>01
Step 2: Determine a test statistic and its value.
(B8 (0,7-0,5)-0,1 _
Jﬁl(l—ﬁl>+ﬁ2<l—f>z) J0,7x(1—0,7)+0,5x<1—0,5)
n, n, 40 30

3

Step 3: Determine a critical value(s) for «
K,, =Ko, =1,645
Step 4: Make a conclusion.

Since |z,|=0,86 <k,, =1,645, fail to reject H, at & =0,05.

2. Sample size determination
Suppose that p, =0,7 and p, =0,5. Determine the sample size n(=n, =n,) required for

this two-sided z-test to detect the difference of the two proportions with power of 0,9.
Power of test = P(reject Hy|H, is false) =1- 8=0,9 = f=0,1

q,=1-p =1-07=03aq,=1-p,=1-05=05

2
o [W( P, + PG+ 6)/2 + Ky [Py + pzqu _

P, — P,

2
_(kO,lJ(o,7+0,5)(o,3+o,5)/2+k0,2\/0,7xo,3+o,5xo,5j
- 0,7-0,5

2
:(1,645x0,6(9)+21,28x0,68j 101

3. Confidence interval on p, — p, ; unequal proportions; upper-confidence bound
Assuming p, # p,, construct a 95% upper-confidence bound on the difference of the two cor-

roded bridge proportions ( p, — p, ).

95 % one-sided Cl on p, — p,:

p1(1_ p1)+ ﬁz(l_ ﬁz)
n

P, — P, S(I:A)l - f)z)+k2a\/

1 2
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Statistical Inference for Two Samples

0,7x(1-0,7) N 0,5x(1-0,5)

P—P, < (077_0’5)+ kO,l\/ 40 n,

p,—P,<0,2+1,645x0,117

p,—p,<0,39
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Appendix

CUMULATIVE DISTRIBUTION FUNCTIONS
STANDARD NORMAL DISTRIBUTION

D(2) A
1-®(z)
) F(x)=a®(z), where z=2"H
vl 0
0,5 z 2
: @) D(z) _ 1 I e_%dt
P(-2) _ V27 =,
-z 0 & z

z ¢[z] z ¢[z] z ¢[z] z ¢[z] z é[z]

0. 0.50000 0.3 0.61791 0.6 0.72575 0.9 0.81594 1.2 0.88493
0.01 0.50399 0.31 0.62172 0.61 0.72907 0.91 0.81859 1.21 0.88686
0.02 0.50798 0.32 0.62552 0.62 0.73237 0.92 0.82121 1.22 0.88877
0.03 0.51197 0.33 0.62930 0.63 0.73565 0.93 0.82381 1.23 0.89065
0.04 0.51595 0.34 0.63307 0.64 0.73891 0.94 0.82639 1.24 0.89251
0.05 0.51994 0.35 0.63683 0.65 0.74215 0.95 0.82894 1.25 0.89435
0.06 0.52392 0.36 0.64058 0.66 0.74537 0.96 0.83147 1.26 0.89617
0.07 0.52790 0.37 0.64431 0.67 0.74857 0.97 0.83398 1.27 0.89796
0.08 0.53188 0.38 0.64803 0.68 0.75175 0.98 0.83646 1.28 0.89973
0.09 0.53586 0.39 0.65173 0.69 0.75490 0.99 0.83891 1.29 0.90147
¢ 0.53983 0.4 0.65542 0.7 0.75804 % L 0.84134 1.3 0.90320
0.11 0.54380 0.41 0.65910 0.71 0.76115 1.01 0.84375 1.31 0.90490
0.12 0.54776 0.42 0.66276 0.72 0.76424 1.02 0.84614 132 0.90658
0.13 0.55172 0.43 0.66640 0.73 0.76730 1.03 0.84849 1.33 0.90824
0.14 0.55567 0.44 0.67003 0.74 0.77035 1.04 0.85083 1.34 0.90988
0.15 0.55962 0.45 0.67364 0.75 0.77337 1.05 0.85314 1.356 0.91149
0.16 0.56356 0.46 0.67724 0.76 0.77637 1.06 0.85543 1.36 0.91309
¢ B 0.56749 0.47 0.68082 Q.77 0.77935 1.07 0.85769 137 0.91466
0.18 0.57142 0.48 0.68439 0.78 0.78230 1.08 0.858993 1.38 0.91621
0.19 0.57535 0.49 0.68793 0.79 0.78524 1.09 0.86214 1.39 0.91774
0.2 0.57926 0.5 0.69146 0.8 0.78814 1.1 0.86433 1.4 0.91924
0.21 0.58317 0.51 0.69497 0.81 0.79103 1.11 0.86650 1.41 0.92073
0.22 0.58706 0.52 0.69847 0.82 0.79389 1.12 0.868B64 1.42 0.92220
0.23 0.59095 0.53 0.70194 0.83 0.79673 1.313 0.87076 1.43 0.92364
0.24 0.59483 0.54 0.70540 0.84 0.79955 1.14 0.87286 1.44 0.92507
0.25 0.59871 0.55 0.70884 0.85 0.80234 1.15 0.87493 1.45 0.92647
0.26 0.60257 0.56 0.71226 0.86 0.80511 1.16 0.87698 1.46 0.92785
0.27 0.60642 0.57 0.71566 0.87 0.80785 1.17 0.87900 1.47 0.92922
0.28 0.61026 0.58 0.71904 0.88 0.81057 =38 0.88100 1.48 0.93056
0.29 0.61409 0.59 0.72240 0.89 0.81327 1.19 0.88298 1.49 0.93189
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z ¢[z] = ¢[z] z ¢[z] z ¢[z] z ¢(z]
1.5 0.93319 1.8 0.96407 2.1 0.98214 2.4 0.99180 2.7 0.99653
1.51 0.9344s8 1.81 0.96485 2.11 0.98257 2.41 0.99202 2.71 0.99664
1.52 0.93574 1.82 0.96562 2.12 0.98300 2.42 0.95224 2.72 0.99674
1.53 0.93699 1.83 0.96638 2.13 0.98341 2.43 0.99245 2.73 0.99683
1.54 0.93822 1.84 0.96712 2.14 0.98382 2.44 0.99266 2.74 0.99693
1.55 0.93943 1.85 0.96784 2.15 0.98422 2.45 0.99286 2.75 0.99702
1.56 0.94062 1.86 0.96856 2.16 0.98461 2.46 0.99305 2.76 0.99711
1.57 0.94179 1.87 0.96926 2.17 0.98500 2.47 0.99324 2.77 0.99720
1.58 0.94295 1.88 0.96995 2.18 0.98537 2.48 0.99343 2.78 0.99728
1.59 0.94408 1.89 0.97062 2.19 0.98574 2.49 0.99361 2.79 0.99736
1.6 0.94520 1.9 0.97128 2.2 0.98610 2.5 0.99379 2.8 0.99744
1.61 0.94630 1.91 0.97193 2.21 0.98645 2.51 0.99396 2.81 0.99752
1.62 0.94738 1.92 0.97257 2.22 0.98679 2.52 0.95413 2.82 0.99760
1.63 0.94845 1.93 0.97320 2.23 0.98713 2.53 0.99430 2.83 0.99767
1.64 0.94950 1.94 0.97381 2.24 0.98745 2.54 0.99446 2.84 0.99774
1.65 0.95053 1.95 0.97441 2.25 0.98778 2.55 0.9%461 2.85 0.99781
1.66 0.95154 1.96 0.97500 2.26 0.98809 2.56 0.99477 2.86 0.99788
1.67 0.95254 1.97 0.97558 2.27 0.98840 2.57 0.995482 2.87 0.99795
1.68 0.95352 1.98 0.97615 2.28 0.98870 2.58 0.99506 2.88 0.99801
1.69 0.95449 1.99 0.97670 2.29 0.98899 2.59 0.99520 2.89 0.99807
1.7 0.95543 A 0.97725 2.3 0.98928 2.6 0.95534 2.9 0.99813
1.71 0.95637 2.01 0.97778 2.31 0.98956 2.61 0.99547 2.91 0.99819
1.72 0.95728 2.02 0.97831 2.32 0.98983 2.62 0.99560 2.92 0.99825
1.73 0.95818 2.03 0.97882 2.33 0.99010 2.63 0.99573 2.93 0.99831
1.74 0.95907 2.04 0.97932 2.34 0.99036 2.64 0.99585 2.94 0.99836
1.75 0.9599%4 2.05 0.97982 2.35 0.99061 2.65 0.95598 2.95 0.99841
1.76 0.96080 2.06 0.98030 2.36 0.99086 2.66 0.99609 2.96 0.99846
1.77 0.96164 2.07 0.98077 2.37 0.99111 2.67 0.99621 2.97 0.99851
1.78 0.96246 2.08 0.98124 2.38 0.99134 2.68 0.99632 2.98 0.99856
1.79 0.96327 2.09 0.98169 2.39 0.99158 2.69 0.99643 2.99 0.99861
z ¢[z] z ¢[z] z ¢[z] z ¢[z] z ¢[z]

3. 0.99865 3.5 0.99977 4. 0.99996833 4.5 0.99999660 5. 0.99999971
3.1 0.99903 3.6 0.99984 4.1 0.99997934 4.6 0.99999789 5.1 0.99999983
3.2 0.99931 3.7 0.99989 4.2 0.99998665 4.7 0.59999870 5:2 0.99999990
3.3 0.99952 3.8 0.99993 4.3 0.99999146 4.8 0.99999921 5.3 0.99999994
3.4 0.99966 3.9 0.99955 4.4 0.99995459 4.9 0.99999952 5.4 0.99999997
3.5 0.99977 4. 0.99997 4.5 0.99999%660 5. 0.99999971 £.5 0.99999998



Appendix

CRITICAL VALUES OF NORMAL DISTRIBUTION

P(|X|>k,)=a
o ko a ke a ke
0,002 3,090 0,042 2,034 0,082 1,739
0,004 2,878 0,044 2,014 0,084 1,728
0,006 2,748 0,046 2,995 0,086 1,717
0,008 2,652 0,048 1,977 0,088 1,706
0,010 2,576 0,050 1,960 0,090 1,695
0,012 2,512 0,052 1,943 0,092 1,685
0,014 2,457 0,054 1,927 0,094 1,675
0,016 2,409 0,056 1,911 0,096 1,665
0,018 2,366 0,058 1,896 0,098 1655
0,020 2,326 0,060 1,881 0,100 1,645
0,022 2,290 0,062 1,866 0,110 1,598
0,024 2,257 0,064 1,852 0,120 1,555
0,026 2,226 0,066 1,838 0,130 1514
0,028 2,197 0,068 1,825 0,140 1,476
0,030 2,170 0,070 1,812 0,150 1,440
0,032 2,144 0,072 1,799 0,160 1,405
0,034 2,120 0,074 1,787 0,170 1,372
0,036 2,097 0,076 1,774 0,180 1,341
0,038 2,075 0,078 1,762 0,190 1,311
0,040 2,054 0,080 1,751 0,200 1,282
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CRITICAL VALUES OF ¢-DISTRIBUTION

v l-a = P(‘T‘ >t(v,a)):a
| .
—t(v,a) 0 t(v,a) :

v a=0,20 a=0,10 a=0,05 a=0,02 a=0,01

1 3,080 6,314 12,706 31,821 63,657

2 1,886 2,920 4,303 6,965 6,925

3 1,638 2,353 3,182 4,541 5,841

4 1,533 2,132 2,776 3,747 4,604

5 1,476 2,015 2,571 3,365 4,032

6 1,440 1,943 2,447 3,143 3,707

7 1,415 1,895 2,365 2,998 3,499

8 1,397 1,860 2,306 2,896 3,355

9 1,383 1,833 2,262 2,821 3,250
10 1,372 1,812 2,228 2,764 3,169
11 1,363 1,796 2,201 2,718 3,106
12 1,356 1,782 2,179 2,681 3,055
13 1,350 1,771 2,160 2,650 3,012
14 1,345 1,761 2,145 2,624 2,977
15 1,341 1,753 2,131 2,602 2,947
16 1,337 1,746 2,120 2,583 2,921
17 1,333 1,740 2,110 2,567 2,898
18 1,330 1,734 2,101 2,552 2,878
19 1,328 1,729 2,093 2,539 2,861
20 1,325 1,725 2,086 2,528 2,845
21 1,323 1,721 2,080 2,518 2,831
22 1,321 1,717 2,074 2,508 2,819
23 1,319 1,714 2,069 2,500 2,807
24 1,318 1,711 2,064 2,492 2,797
25 1,316 1,708 2,060 2,485 2,787
26 1,315 1,706 2,056 2,479 2,779
27 1,314 1,703 2,052 2,473 2,771
28 1,313 1,701 2,048 2,467 2,763
29 1,311 1,699 2,045 2,462 2,756
30 1,310 1,697 2,042 2,457 2,750
40 1,303 1,684 2,021 2,426 2,704
60 1,296 1,671 2,000 2,390 2,660
120 1,289 1,658 1,980 2,358 2,617

o0 1,282 1,645 1,960 2,326 2,576
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CRITICAL VALUES OF j’ - DISTRIBUTION

—a P(X2 >}(2(V,Ol)) a
. (v, a)

) 1 0995 | 099 | 0975 | 0950 | 0900 | 0,100 | 0,050 | 0,025 | 0,010 | 0,005
1 0,0002 0,0010 0,0039 0,0158 2,71 3,84 5,02 6,63 7,88
2 | 00100 | 00201 | 00506 | 01030 | 02110 | 4,61 | 599 | 7,38 | 921 | 10,60
3 | 00717 | 01150 | 0,2160 | 0,3250 | 05840 | 6,25 | 7,82 | 9,35 | 11,30 | 12,80
4 | 02070 | 02970 | 04840 | 07110 | 1,0600 | 7,78 | 9,49 | 11,10 | 1330 | 14,90
5 | 04120 | 05540 | 0,8310 | 1,1500 | 1,6100 | 9,24 | 11,10 | 12,80 | 15,10 | 16,70
6 | 06760 | 08720 | 1,400 | 1,6400 | 2,2000 | 10,60 | 12,60 | 14,40 | 16,80 | 18,50
7 | 09890 | 1,2400 | 1,6900 | 2,1700 | 2,8300 | 12,00 | 14,10 | 16,00 | 18,50 | 20,30
8 1,3400 1,6500 2,1800 2,7300 | 3,4900 | 13,40 | 15,50 | 17,50 | 20,10 | 22,00
9 1,7300 2,0900 2,7000 3,3300 | 4,1700 | 14,70 | 16,90 | 19,00 | 21,70 | 23,60
10 | 21600 | 255600 | 32500 | 39400 | 4,8700 | 16,00 | 18,30 | 20,50 | 23,20 | 2520
11 | 2,6000 | 30500 | 358200 | 45700 | 55800 | 17,30 | 19,70 | 21,90 | 24,70 | 26,80
12 | 30700 | 35700 | 44000 | 52300 | 6,3000 | 18550 | 21,00 | 2330 | 26,20 | 28,30
13 | 35700 | 41100 | 50100 | 58900 | 7,0400 | 19,80 | 22,40 | 24,70 | 27,70 | 29,80
14 | 40700 | 46600 | 56300 | 65700 | 7,7900 | 21,10 | 23,70 | 26,10 | 29,10 | 31,30
15 | 46000 | 52300 | 62600 | 7,2600 | 85500 | 22,30 | 2500 | 27,50 | 30,60 | 32,80
16 5,1400 5,8100 6,9100 7,9600 | 9,3100 | 23,50 | 26,30 | 28,80 | 32,00 | 34,30
17 5,7000 6,4100 7,6500 8,6700 | 10,1000 | 24,80 | 27,60 | 30,20 | 33,40 | 35,70
18 | 62600 | 7,0100 | 82300 | 9,3900 | 10,9000 | 26,00 | 28,90 | 31,50 | 34,80 | 37,20
19 | 68400 | 7,6300 | 89100 | 10,1000 | 11,7000 | 27,20 | 30,10 | 32,90 | 36,20 | 38,60
20 | 7,4300 | 82600 | 9,5900 | 10,9000 | 12,4000 | 28,40 | 31,40 | 34,20 | 37,60 | 40,00
21 | 80300 | 8,9000 | 10,3000 | 11,6000 | 13,2000 | 29,60 | 32,70 | 3550 | 38,90 | 41,40
22 | 86400 | 95400 | 11,0000 | 12,3000 | 14,0000 | 30,80 | 33,90 | 36,80 | 40,30 | 42,80
23 | 9,2600 | 10,2000 | 11,7000 | 13,1000 | 14,8000 | 32,00 | 35,20 | 38,10 | 41,60 | 44,20
24 9,8900 | 10,9000 | 12,4000 | 13,8000 | 15,7000 | 33,20 | 36,40 | 39,40 | 43,00 | 45,60
25 | 10,5000 | 11,5000 | 13,1000 | 14,6000 | 16,5000 | 34,40 | 37,70 | 40,60 | 44,30 | 46,90
26 | 11,2000 | 12,2000 | 13,8000 | 15,4000 | 17,3000 | 35,50 | 38,90 | 41,90 | 45,60 | 48,30
27 | 11,8000 | 12,9000 | 14,6000 | 16,2000 | 18,1000 | 36,70 | 40,10 | 4320 | 47,00 | 49,60
28 | 12,5000 | 13,6000 | 15,3000 | 16,9000 | 18,9000 | 37,90 | 41,30 | 4450 | 48,30 | 51,00
29 | 13,1000 | 14,3000 | 16,0000 | 17,7000 | 19,8000 | 39,10 | 42,60 | 45,70 | 49,60 | 52,30
30 | 13,8000 | 15,0000 | 16,8000 | 18,5000 | 20,6000 | 40,30 | 43,80 | 47,00 | 50,90 | 53,70
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CRITICAL VALUES OF F-DISTRIBUTION

Y a P(F>f(v,v,,a))=a
0 v
a=10,01

Vi

A 4 5 6 7 8 9 10 1 12
4 15977020 | 15,52186 | 15,206860 | 14975760 | 14,798890 | 14,65913 | 14,545900 | 14,452280 | 14,373590
5 [11,39193010,96702 |10,672250 | 10,455510] 10,289310 | 10,15776 [10,051020 | 9,962648| 9888275
6 | 9148301 8745895 8,466125| 8,259995| 8101651 |7,976121 | 7,874119| 7,789570| 7,718333
7 | 7846645 7,460435| 7,191405| 6,992833] 6840049 |6,718752 | 6,620063| 6,538166] 6469091
8 | 7.006077| 6,631825| 6,370681| 6,177624| 6028870 5910619 | 5814294 | 5734275| 5666719
9 | 6422085 6,056941| 5801770 | 5612865 5467123 |5351129 | 5256542 | 5177890| 5111431
10 | 5994330| 5636326 5385811 5200121 | 5056693 |4,942421 | 4849147 | 4,771518| 4,705870
11 | 5668300| 5316009 5069210 | 4886072 | 4,744468|4,631540 | 4539282 | 4,462436 | 4,397401
12 | 5411951| 5064343 4,820574 | 4639502 | 4499365 4,387510 | 4,296054 | 4,219820| 4,155258
13 | 5205330| 4861621 4,620363| 4440997 | 4,302062]4,191078 | 4,100267| 4,024518| 3,960326
14 | 5035378| 4694964 4455820 | 4277882 | 4139946 4,029680 | 3,939396| 3,864039| 3,800141
15 | 4.893210| 4555614 4318273 4141546 | 4,004453]3,894788 | 3,804940| 3,729902| 3,666240
16 | 4,772578| 4437420] 4201634 4025947 | 3,889572]3,780415 | 3,690931 | 3,616157| 3552687
17 | 4.668968| 4335939 4,101505 | 3926719 | 3,7909643,682242 | 35593066 3,518512| 3455198
18 | 4,579036| 4,247882| 4,014637| 3840639 | 3,705422[3,597074 | 35508162 3,433793| 3,370608
19 | 4,500258| 4170767 | 3,938573] 3,765269 | 3,630525]3,522503 | 3433817 | 3,359605| 3,296527
20 | 4430690 4,102685| 3,871427| 3,698740 | 35564412 |3456676 | 3,368186 | 3,204108| 3231120
21 | 4368815 4,042144| 3,811725| 3,639590 | 35505632 |3,398147 | 3,309830 | 3,235867| 3,172953
22 | 4313429 3,987963| 3,758301 | 3,586660 | 3453034 |3,345773 | 3,257606| 3,183742| 3,120891
23 | 4263567 3,939195| 3,710218| 3,539024 | 3405695 |3,298634 | 3,210599 | 3,136822| 3,074025
24 | 4218445 3,895070| 3,666717| 3,495928 | 3,362867 |3,255985 | 3,168069 | 3,094367| 3,031615
25 | 4177420 3,854957| 3,627174 3456754 | 3,323937 |3,217217 | 3,129406 | 3,055771| 2993056
26 | 4139960 3,818336| 3,591075| 3,420993 | 3,288399 |3,181824 | 3,094108| 3,020530| 2957848
27 | 4105622 3,784770| 3,557991 | 3,388219 | 3,255827 |3,149385 | 3,061754| 2,988228| 2925573
28 | 4074032| 3,753895| 3,527559 | 3,358073 | 3,225868 |3,119547 | 3,031992| 2,958512| 2,895881
29 | 4044873 3,725399| 3,499475] 3,330252 | 3,198219|3,092009 | 3,004524| 2,931084| 2868472
30 | 4017877] 3,699019| 3473477 3,304499 | 3,172624 |3,066516 | 2,979094| 2,905690| 2,843095

187




Appendix

a=0,01
Vi

) 4 5 6 7 8 9 10 11 12

31 |3,992811 | 3,674528 | 3,449341 | 3,280591 | 3,148863 | 3,042849 | 2,955484 | 2,882112 |2,819532
32 |3,969477 | 3,651731 | 3,426876 | 3,258338 | 3,126746 | 3,020818 | 2,933506 | 2,860163 |2,797595
33 | 3,947701 | 3,630458 | 3,405914 | 3,237573 | 3,106108 | 3,000261 | 2,912997 | 2,839680 |2,777122
34 |3,927333 | 3,610562 | 3,386309 | 3,218154 | 3,086807 | 2,981033 | 2,893814 | 2,820521 |2,757971
35 |3,908241 | 3,591914 | 3,367935 | 3,199952 | 3,068716 | 2,963012 | 2,875833 | 2,802561 |2,740018
36 | 3,890308 | 3,574399 | 3,350677 | 3,182858 | 3,051726 | 2,946086 | 2,858945 | 2,785692 |2,723155
37 |3,873433 | 3,557918 | 3,334440 | 3,166774 | 3,035738 | 2,930159 | 2,843053 | 2,769817 | 2,707284
38 |3,857524 | 3,542383 | 3,319133 | 3,151612 | 3,020668 | 2,915145 | 2,828072 | 2,754851 | 2,692322
39 |3,842502 | 3,527713 | 3,304681 | 3,137296 | 3,006438 | 2,900968 | 2,813925 | 2,740719 | 2,678192
40 | 3,828294 | 3,513840 | 3,291012 | 3,123757 | 2,992981 | 2,887560 | 2,800545 | 2,727352 | 2,664827
41 | 3,814835 | 3,500699 | 3,278067 | 3,110934 | 2,980234 | 2,874861 | 2,787871 | 2,714690 | 2,652167
42 | 3,802069 | 3,488235 | 3,265787 | 3,098771 | 2,968144 | 2,862814 | 2,775850 | 2,702679 | 2,640156
43 | 3,789942 | 3,476396 | 3,254125 | 3,087218 | 2,956661 | 2,851373 | 2,764431 | 2,691269 |2,628747
44 | 3,778409 | 3,465137 | 3,243033 | 3,076232 | 2,945740 | 2,840491 | 2,753570 | 2,680418 | 2,617896
45 | 3,767427 | 3,454416 | 3,232472 | 3,065771 | 2,935341 |2,830129 | 2,743229 | 2,670084 | 2,607562
46 | 3,756957 | 3,444196 | 3,222404 | 3,055798 | 2,925427 | 2,820251 | 2,733369 | 2,660232 | 2,597709
47 | 3,746964 | 3,434442 | 3,212796 | 3,046281 | 2,915966 | 2,810823 | 2,723960 | 2,650829 | 2,588305
48 | 3,737417 | 3,425123 | 3,203617 | 3,037188 | 2,906927 | 2,801816 | 2,714969 | 2,641845 | 2,579319
49 | 3,728286 | 3,416211 | 3,194838 | 3,028492 | 2,898283 |2,793202 | 2,706371 | 2,633253 | 2,570725
50 |3,719545 | 3,407680 | 3,186434 | 3,020168 | 2,890008 | 2,784956 | 2,698139 | 2,625026 | 2,562497
55 | 3,680897 | 3,369962 | 3,149283 | 2,983369 | 2,853424 | 2,748497 | 2,661744 | 2,588651 |2,526110
60 | 3,649047 | 3,338884 | 3,118674 | 2,953049 | 2,823280 | 2,718454 | 2,631751 | 2,558670 | 2,496116
65 |3,622349 | 3,312836 | 3,093020 | 2,927638 | 2,798015 | 2,693272 | 2,606607 | 2,533535 | 2,470966
70 | 3,599647 | 3,290689 | 3,071209 | 2,906032 | 2,776533 | 2,671859 | 2,585226 | 2,512158 | 2,449575
75 | 3,580106 | 3,271628 | 3,052437 | 2,887437 | 2,758044 | 2,653429 | 2,566821 | 2,493756 |2,431158
80 | 3,563110 | 3,255049 | 3,036111 | 2,871265 | 2,741964 | 2,637398 | 2,550812 | 2,477747 | 2,415136
85 | 3,548191 | 3,240499 | 3,021782 | 2,857072 | 2,727851 | 2,623328 | 2,536759 | 2,463695 | 2,401070
90 | 3,534992 | 3,227626 | 3,009106 | 2,844515 | 2,715364 | 2,610879 | 2,524326 | 2,451260 | 2,388623
95 | 3,523230 | 3,216156 | 2,997811 | 2,833327 | 2,704238 | 2,599787 | 2,513246 | 2,440179 | 2,377530
100 | 3,512684 | 3,205872 | 2,987684 | 2,823295 | 2,694263 | 2,589841 | 2,503311 | 2,430242 |2,367582
105 | 3,503174 | 3,196599 | 2,978553 | 2,814250 | 2,685268 | 2,580872 | 2,494352 | 2,421281 |2,358610
110 | 3,494555 | 3,188194 | 2,970278 | 2,806052 | 2,677115 |2,572743 | 2,486232 | 2,413158 | 2,350478
115 | 3,486707 | 3,180542 | 2,962743 | 2,798588 | 2,669692 |2,565341 | 2,478838 | 2,405762 | 2,343072
120 | 3,479531 | 3,173545 | 2,955854 | 2,791764 | 2,662906 | 2,558574 | 2,472077 | 2,398999 | 2,336300
125 | 3,472945 | 3,167124 | 2,949531 | 2,785500 | 2,656676 | 2,552362 | 2,465871 | 2,392791 | 2,330083
129 | 3,468053 | 3,162354 | 2,944835 | 2,780848 | 2,652050 | 2,547748 | 2,461261 | 2,388179 | 2,325465

188




Appendix

a=0,01
¢ 15 20 24 30 40 50 60 80 100

2

4 14,19820 | 14,01961 |13,92906 | 13,83766 | 13,74538 | 13,68958 | 13,65220 | 13,60526 | 13,57699
5 9,722219 | 9,552646 | 9,466471 | 9,379329 | 9,291189 | 9,237811 | 9,202015 | 9,157029 | 9,129907
6 7,558994 | 7,395832 |7,312721 | 7,228533 | 7,143222 | 7,091475 | 7,056737 | 7,013037 | 6,986667
7 6,314331 | 6,155438 | 6,074319 | 5,992010 | 5,908449 | 5,857682 | 5,823566 | 5,780605 | 5,754657
8 5,515125 | 5,359095 |5,279264 | 5,198130 | 5,115610 | 5,065398 | 5,031618 | 4,989038 | 4,963296
9 4,962078 | 4,807995 | 4,728998 | 4,648582 | 4,566649 | 4,516715 | 4,483087 | 4,440656 | 4,414980
10 | 4,558140 | 4,405395 |4,326929 | 4,246933 | 4,165287 | 4,115452 | 4,081855 | 4,039422 | 4,013719
11 | 4,250867 | 4,099046 |4,020910 | 3,941132 | 3,859573 | 3,809716 | 3,776071 | 3,733533 | 3,707744
12 |4,009619 | 3,858433 |3,780485 | 3,700789 | 3,619181 | 3,569222 | 3,535473 | 3,492763 | 3,466845
13 |3,815365 | 3,664609 |3,586753 | 3,507042 | 3,425293 | 3,375176 | 3,341287 | 3,298357 | 3,272282
14  |3,655697 | 3,505222 |3,427387 | 3,347596 | 3,265641 | 3,215328 | 3,181274 | 3,138094 | 3,111842
15 |3,522194 | 3,371892 |3,294029 | 3,214110 | 3,131906 | 3,081371 | 3,047135 | 3,003683 | 2,977242
16 |3,408947 | 3,258737 |3,180811 | 3,100733 | 3,018248 | 2,967476 | 2,933046 | 2,889308 | 2,862669
17 |3,311694 | 3,161518 |3,083502 | 3,003241 | 2,920458 | 2,869437 | 2,834806 | 2,790774 | 2,763932
18 |3,227286 | 3,077097 |2,998974 | 2,918516 | 2,835420 | 2,784144 | 2,749309 | 2,704978 | 2,677930
19 |3,153343 | 3,003109 |2,924866 | 2,844201 | 2,760786 | 2,709251 | 2,674211 | 2,629578 | 2,602323
20 |3,088041 | 2,937735 |2,859363|2,778485 | 2,694749 | 2,642954 | 2,607708 | 2,562774 | 2,535313
21 | 3,029951 | 2,879556 |2,801050 |2,719955 | 2,635896 | 2,583844 | 2,548393 | 2,503160 | 2,475492
22 | 2,977946 | 2,827447 |2,748802 |2,667490 | 2,583111 | 2,530803 | 2,495149 | 2,449619 | 2,421747
23 |2,931118| 2,780504 |2,701720|2,620191 | 2,535496 | 2,482935 | 2,447081 | 2,401258 | 2,373184
24 | 2,888732| 2,737997 |2,659072|2,577329 | 2,492321 | 2,439512 | 2,403461 | 2,357349 | 2,329076
25 | 2,850186 | 2,699325 |2,620260 | 2,538305 | 2,452990 | 2,399937 | 2,363691 | 2,317296 | 2,288826
26 |2,814982 | 2,663991 |2,584787|2,502624 | 2,417007 | 2,363715 | 2,327279 | 2,280604 | 2,251941
27 |2,782703 | 2,631580 |2,552239 |2,469872 | 2,383960 | 2,330434 | 2,293812 | 2,246863 | 2,218009
28 | 2,753000 | 2,601744 |2,522268 |2,439701 | 2,353501 | 2,299745 | 2,262941 | 2,215723 | 2,186682
29 | 2,725577 | 2,574188 |2,494579|2,411817 | 2,325335 | 2,271355 | 2,234372 | 2,186890 | 2,157666
30 |2,700180 | 2,548659 |2,468921 |2,385967 | 2,299211 | 2,245012 | 2,207854 | 2,160114 | 2,130710
31 |2,676594 | 2,524942 |2,445077 | 2,361937 | 2,274913 | 2,220500 | 2,183171 | 2,135178 | 2,105597
32 |2,654632 | 2,502850 |2,422861 |2,339539 | 2,252253 | 2,197632 | 2,160136 | 2,111895 | 2,082141
33 |2,634132| 2,482222 |2,402111 | 2,318613|2,231072 | 2,176247 | 2,138588 | 2,090105 | 2,060180
34 |2,614952 | 2,462916 |2,382687 |2,299016 | 2,211227 | 2,156203 | 2,118384 | 2,069664 | 2,039573
35 |2,596969 | 2,444810 |2,364466 |2,280626 | 2,192595 | 2,137377 | 2,099403 | 2,050450 | 2,020195
36 |2,580074 | 2,427794 |2,347337 | 2,263334 | 2,175068 | 2,119661 | 2,081534 | 2,032354 | 2,001938
37 |2,564172| 2,411773 |2,331207 | 2,247044 | 2,158548 | 2,102957 | 2,064681 | 2,015278 | 1,984705
38 |2,549177| 2,396662 |2,315989 | 2,231671|2,142952 | 2,087180 | 2,048759 | 1,999138 | 1,968411
39 |2,535014 | 2,382385 |2,301608 | 2,217140 | 2,128202 | 2,072255 | 2,033692 | 1,983858 | 1,952979
40 |2,521616 | 2,368876 |2,287998 |2,203382 | 2,114232 | 2,058113 | 2,019411 | 1,969368 | 1,938341

189




Appendix

a=0,01

v, ¢ 15 20 24 30 40 50 60 80 100

41 |2,508922| 2,356074 |2,275097 | 2,190338 |2,100981 | 2,044695 | 2,005857 | 1,955609 | 1,924436
42 |2,496878| 2,343924 |2,262851 |2,177953 | 2,088394 | 2,031944 | 1,992974 | 1,942526 | 1,911210
43 |2,485436| 2,332378 |2,251211|2,166177 | 2,076423 | 2,019813 | 1,980713 | 1,930069 | 1,898612
44 |2,474552| 2,321392 |2,240134 | 2,154968 | 2,065022 | 2,008257 | 1,969029 | 1,918193 | 1,886599
45 |2,464185| 2,310926 |2,229580 | 2,144285 | 2,054151 | 1,997234 | 1,957883 | 1,906859 | 1,875129
46 |2,454300| 2,300945 |2,219512|2,134091 |2,043775 | 1,986709 | 1,947237 | 1,896028 | 1,864166
47 |2,444863| 2,291414 |2,209897 | 2,124354 | 2,033860 | 1,976649 | 1,937058 | 1,885669 | 1,853677
48 |2,435846| 2,282305 |2,200705 | 2,115043 | 2,024376 | 1,967023 | 1,927316 | 1,875749 | 1,843630
49 |2,427220| 2,273589 |2,191910|2,106132 |2,015295 | 1,957803 | 1,917982 | 1,866242 | 1,833997
50 |2,418961| 2,265243 |2,183485|2,097593 | 2,006592 | 1,948964 | 1,909032 | 1,857122 | 1,824753
55 |2,382427|2,2283000 | 2,146180 | 2,059761 | 1,967989 | 1,909727 | 1,869272 | 1,816559 | 1,783606
60 |2,352297| 2,197806 |2,115364 |2,028479 |1,936018 | 1,877187 | 1,836259 | 1,782816 | 1,749328
65 |2,327023| 2,172206 |2,089479|2,002175 | 1,909099 | 1,849753 | 1,808397 | 1,754286 | 1,720305
70 |2,305517 | 2,150410 |2,067425|1,979748 | 1,886115 | 1,826304 | 1,784557 | 1,729835 | 1,695398
75 |2,286997 | 2,131626 |2,048411|1,960396 | 1,866260 | 1,806024 | 1,763920 | 1,708635 | 1,673777
80 |2,270879| 2,115271 |2,031847 | 1,943526 | 1,848932 | 1,788309 | 1,745877 | 1,690072 | 1,654822
85 |2,256726| 2,100901 |2,017288|1,928688 | 1,833677 | 1,772697 | 1,729964 | 1,673677 | 1,638062
90 |2,244198| 2,088176 |2,004390|1,915536 |1,820141 | 1,758834 | 1,715821 | 1,659088 | 1,623133
95 |2,233031| 2,076829 |1,992884 |1,903797 | 1,808050 | 1,746440 | 1,703168 | 1,646019 | 1,609745
100 |2,223015| 2,066646 |1,982556 | 1,893254 |1,797181 | 1,735292 | 1,691780 | 1,634242 | 1,597669
105 |2,213979| 2,057458 |1,973234|1,883733|1,787360 | 1,725210 | 1,681474 | 1,623572 | 1,586719
110 |2,205788| 2,049125 |1,964777 | 1,875093 | 1,778440 | 1,716047 | 1,672102 | 1,613860 | 1,576742
115 |2,198327| 2,041533 |1,957070 | 1,867216 | 1,770302 | 1,707684 | 1,663542 | 1,604980 | 1,567613
120 |2,191504| 2,034588 |1,950018 | 1,860005 | 1,762849 | 1,700018 | 1,655693 | 1,596830 | 1,559227
125 |2,185240| 2,028210 |1,943540 | 1,853380 | 1,755996 | 1,692967 | 1,648469 | 1,589322 | 1,551495
129 |2,180586 | 2,023471 |1,938726 | 1,848454 | 1,750899 | 1,687720 | 1,643091 | 1,583728 | 1,545731

190




Appendix

a=0,05
V1
4 5 6 7 8 9 10 11 12

2

4 6,388233 | 6,256057 | 6,163132 | 6,094211 | 6,041044 | 5,998779 | 5,964371 | 5,935813 | 5,911729
5 5,192168 | 5,050329 | 4,950288 | 4,875872 | 4,818320 | 4,772466 | 4,735063 | 4,703967 | 4,677704
6 4,533677 | 4,387374 | 4,283866 | 4,206658 | 4,146804 | 4,099016 | 4,059963 | 4,027442 | 3,999935
7 4,120312 | 3,971523 | 3,865969 | 3,787044 | 3,725725| 3,676675 | 3,636523 | 3,603037 | 3,574676
8 3,837853 | 3,687499 | 3,580580 | 3,500464 | 3,438101 | 3,388130 | 3,347163 | 3,312951 | 3,283939
9 3,633089 | 3,481659 | 3,373754 | 3,292746 | 3,229583 | 3,178893 | 3,137280 | 3,102485 | 3,072947
10 3,478050 | 3,325835 | 3,217175 | 3,135465 | 3,071658 | 3,020383 | 2,978237 | 2,942957 | 2,912977
11 3,356690 | 3,203874 | 3,094613 | 3,012330 | 2,947990 | 2,896223 | 2,853625 | 2,817930 | 2,787569
12 3,259167 | 3,105875 | 2,996120 | 2,913358 | 2,848565 | 2,796375 | 2,753387 | 2,717331 | 2,686637
13 3,179117 | 3,025438 | 2,915269 | 2,832098 | 2,766913 | 2,714356 | 2,671024 | 2,634650 | 2,603661
14 3,112250 | 2,958249 | 2,847726 | 2,764199 | 2,698672 | 2,645791 | 2,602155 | 2,565497 | 2,534243
15 3,055568 | 2,901295 | 2,790465 | 2,706627 | 2,640797 | 2,587626 | 2,543719 | 2,506806 | 2,475313
16 3,006917 | 2,852409 | 2,741311 | 2,657197 | 2,591096 | 2,537667 | 2,493513 | 2,456369 | 2,424660
17 2,964708 | 2,809996 | 2,698660 | 2,614299 | 2,547955 | 2,494291 | 2,449916 | 2,412561 | 2,380654
18 2,927744|2,772853 | 2,661305 | 2,576722 | 2,510158 | 2,456281 | 2,411702 | 2,374156 | 2,342067
19 2,895107 | 2,740058 | 2,628318 | 2,543534 | 2,476770 | 2,422699 | 2,377934 | 2,340210 | 2,307954
20 2,866081 | 2,710890 | 2,598978 | 2,514011 | 2,447064 | 2,392814 | 2,347878 | 2,309991 | 2,277581
21 2,840100|2,684781|2,572712|2,487578 | 2,420462 | 2,366048 | 2,320953 | 2,282916 | 2,250362
22 2,816708 | 2,661274 | 2,549061 | 2,463774 | 2,396503 | 2,341937 | 2,296696 | 2,258518 | 2,225831
23 2,795539 | 2,639999 | 2,527655 | 2,442226 | 2,374812 | 2,320105 | 2,274728 | 2,236419 | 2,203607
24 2,776289 | 2,620654 | 2,508189 | 2,422629 | 2,355081 | 2,300244 | 2,254739 | 2,216309 | 2,183380
25 2,758710 | 2,602987 | 2,490410 | 2,404728 | 2,337057 | 2,282097 | 2,236474 | 2,197929 | 2,164891
26 2,742594 | 2,586790 | 2,474109 | 2,388314 | 2,320527 | 2,265453 | 2,219718 | 2,181067 | 2,147926
27 2,727765|2,571886 | 2,459108 | 2,373208 | 2,305313 | 2,250131 | 2,204292 | 2,165540 | 2,132303
28 2,714076 | 2,558127 | 2,445259 | 2,359260 | 2,291264 | 2,235982 | 2,190044 | 2,151197 | 2,117869
29 2,701399 | 2,545386 | 2,432434 | 2,346342 | 2,278251 | 2,222874 | 2,176844 | 2,137908 | 2,104493
30 2,689628 | 2,533555 | 2,420523 | 2,334344 | 2,266163 | 2,210697 | 2,164580 | 2,125559 | 2,092063
31 2,678667 | 2,522538 | 2,409432 | 2,323171 | 2,254906 | 2,199355 | 2,153156 | 2,114054 | 2,080482
32 2,668437 | 2,512255|2,399080 | 2,312741 | 2,244396 | 2,188766 | 2,142488 | 2,103311 | 2,069665
33 2,658867 | 2,502635 | 2,389394 | 2,302982 | 2,234562 | 2,178856 | 2,132504 | 2,093254 | 2,059539
34 2,649894 | 2,493616 | 2,380313 | 2,293832 | 2,225340 | 2,169562 | 2,123140 | 2,083822 | 2,050040
35 2,641465 |2,485143|2,371781 | 2,285235 | 2,216675 | 2,160829 | 2,114300 | 2,074956 | 2,041111
36 2,633532|2,477169 | 2,363751|2,277143 | 2,208518 | 2,152607 | 2,106054 | 2,066608 | 2,032703
37 2,626052 | 2,469650 | 2,356179 | 2,269512 | 2,200826 | 2,144853 | 2,098239 | 2,058734 | 2,024771
38 2,618988 | 2,462548 | 2,349027 | 2,262304 | 2,193559 | 2,137528 | 2,090856 | 2,051294 | 2,017276
39 2,612306 | 2,455831 | 2,342262 | 2,255485 | 2,186685 | 2,130597 | 2,083869 | 2,044253 | 2,010183
40 2,605975 | 2,449466 | 2,335852 | 2,249024 | 2,180107 | 2,124029 | 2,077248 | 2,037580 | 2,003459

191




Appendix

a=0,05
Vi

v, 4 5 6 7 8 9 10 11 12

41 2,599969 | 2,443429|2,329771 | 2,242894 | 2,173989 | 2,117797 | 2,070965 | 2,031247| 1,997078
42 2,594263 | 2,437693 | 2,323994 | 2,237070 | 2,168117 | 2,111875 | 2,064994 | 2,025229 | 1,991013
43 2,588836 | 2,432236 | 2,318498 | 2,231530 | 2,162530 | 2,106241 | 2,059313 | 2,019502 | 1,985242
44 2,583667 | 2,427040| 2,313264 | 2,226253 | 2,157208 | 2,100873 | 2,053901 | 2,014046 | 1,979743
45 2,578739 | 2,422085 | 2,308273 | 2,221221 | 2,152133 | 2,095755 | 2,048739 | 2,008842 | 1,974498
46 2,574035|2,417356 | 2,303509 | 2,216417 | 2,147288 | 2,090868 | 2,043811 | 2,003873 | 1,969490
47 2,569540 | 2,412837| 2,298956 | 2,211827 | 2,142658 | 2,086198 | 2,039101 | 1,999124 | 1,964702
48 2,565241 | 2,408514 | 2,294601 | 2,207436 | 2,138229 | 2,081730 | 2,034595 | 1,994580 | 1,960121
49 2,561124 | 2,404375| 2,290432 | 2,203232 | 2,133988 | 2,077452 | 2,030279 | 1,990228 | 1,955734
50 2,557179 | 2,400409 | 2,286436 | 2,199202 | 2,129923 | 2,073351 | 2,026143 | 1,986056 | 1,951528
55 2,539689 | 2,382823 | 2,268717 | 2,181333 | 2,111894 | 2,055161 | 2,007792 | 1,967547 | 1,932863
60 2,525215 | 2,368270 | 2,254053 | 2,166541 | 2,096968 | 2,040098 | 1,992592 | 1,952212 | 1,917396
65 2,513040 | 2,356028 | 2,241716 | 2,154095 | 2,084407 | 2,027419 | 1,979796 | 1,939300 | 1,904370
70 2,502656 | 2,345586 | 2,231192 | 2,143478 | 2,073690 | 2,016601 | 1,968875 | 1,928278 | 1,893248
75 2,493696 | 2,336576 | 2,222110 | 2,134314 | 2,064439 | 2,00726 |1,959445 | 1,918759 | 1,883642
80 2,485885 | 2,328721 | 2,214193 | 2,126324 | 2,056373 | 1,999115 | 1,95122 |1,910456 | 1,875262
85 2,479015 | 2,321812 | 2,207229 | 2,119296 | 2,049276 | 1,991949 | 1,943984 | 1,903149 | 1,867886
90 2,472927 | 2,315689 | 2,201056 | 2,113067 | 2,042986 | 1,985595 | 1,937567 | 1,896669 | 1,861344
95 2,467494 | 2,310225 | 2,195548 | 2,107506 | 2,037370 | 1,979923 | 1,931838 | 1,890884 | 1,855503
100 2,462615 | 2,305318 | 2,190601 | 2,102513 | 2,032328 | 1,974829 | 1,926692 | 1,885687 | 1,850255
105 2,458210 | 2,300888 | 2,186134 | 2,098005 | 2,027774 | 1,970229 | 1,922045 | 1,880993 | 1,845515
110 2,454213 | 2,296868 | 2,182082 | 2,093913 | 2,023641 | 1,966054 | 1,917827 | 1,876732 | 1,841212
115 2,450571 | 2,293205 | 2,178387 | 2,090184 | 2,019874 | 1,962247 | 1,913982 | 1,872847 | 1,837288
120 2,447237 | 2,289851 | 2,175006 | 2,086770 | 2,016426 | 1,958763 | 1,910461 | 1,869290 | 1,833695
125 2,444174 | 2,286771|2,171900 | 2,083634 | 2,013257 | 1,955562 | 1,907226 | 1,866022 | 1,830394
129 2,441897 | 2,284481 | 2,169591 | 2,081303 | 2,010902 | 1,953182 | 1,904821 | 1,863592 | 1,827939
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Appendix

a=0,05
Vi

) 15 20 24 30 40 50 60 80 100

4 5,857805 | 5,802542 | 5,774389 | 5,745877 | 5,716998 | 5,699492 | 5,687744 | 5,672973 | 5,664064
5 4,618759 | 4,558131 | 4,527153 | 4,495712 | 4,463793 | 4,444406 | 4,431380 | 4,414982 | 4,405081
6 3,938058 | 3,874189 | 3,841457 | 3,808164 | 3,774286 | 3,753668 | 3,739797 | 3,722314 | 3,711745
7 3,510740 | 3,444525 | 3,410494 | 3,375808 | 3,340430 | 3,318856 | 3,304323 | 3,285983 | 3,274885
8 3,218406 | 3,150324 | 3,115240 | 3,079406 | 3,042778 | 3,020398 | 3,005303 | 2,986230 | 2,974674
9 3,006102 | 2,936455 | 2,900474 | 2,863652 | 2,825933 | 2,802843 | 2,787249 | 2,767522 | 2,755557
10 2,845017 | 2,774016 | 2,737248 | 2,699551 | 2,660855 | 2,637124 | 2,621077 | 2,600753 | 2,588412
11 2,718640 | 2,646445 | 2,608974 | 2,570489 | 2,530905 | 2,506587 | 2,490123 | 2,469246 | 2,456555
12 2,616851 | 2,543588 | 2,505482 | 2,466279 | 2,425880 | 2,401018 | 2,384166 | 2,362772 | 2,349753
13 2,533110| 2,458882 | 2,420196 | 2,380334 | 2,339180 | 2,313811 | 2,296596 | 2,274716 | 2,261387
14 2,463003 | 2,387896 | 2,348678 | 2,308207 | 2,266350 | 2,240507 | 2,222950 | 2,200611 | 2,186988
15 2,403447|2,327535 | 2,287826 | 2,246789 | 2,204276 | 2,177985 | 2,160105 | 2,137331 | 2,123428
16 2,352223|2,275570 | 2,235405 | 2,193841 | 2,150711 | 2,123999 | 2,105813 | 2,082625 | 2,068455
17 2,307693 | 2,230354 | 2,189766 | 2,147708 | 2,103998 | 2,076888 | 2,058411 | 2,034828 | 2,020401
18 2,268622 | 2,190648 | 2,149665 | 2,107143 | 2,062885 | 2,035397 | 2,016643 | 1,992682 | 1,978010
19 2,234063 | 2,155497 | 2,114143 | 2,071186 | 2,026410 | 1,998561 | 1,979544 | 1,955221 | 1,940314
20 2,203274 | 2,124155| 2,082454 | 2,039086 | 1,993819 | 1,965628 | 1,946358 | 1,921689 | 1,906554
21 2,175670| 2,096033 | 2,054004 | 2,010248 | 1,964515 | 1,935997 | 1,916486 | 1,891483 | 1,876131
22 2,150778 | 2,070656 | 2,028319 | 1,984195 | 1,938018 | 1,909188 | 1,889445 | 1,864123 | 1,848559
23 2,128217|2,047638 | 2,005009 | 1,960537 | 1,913938 | 1,884809 | 1,864844 | 1,839213 | 1,823446
24 2,107673 | 2,026664 | 1,983760 | 1,938957 | 1,891955 | 1,862539 | 1,842360 | 1,816432 | 1,800468
25 2,088887|2,007471|1,964306|1,919188 | 1,871801 | 1,842111|1,821727|1,795512 | 1,779357
26 2,071642|1,989842 | 1,946428 | 1,901010 | 1,853255 | 1,823301 | 1,802719 | 1,776228 | 1,759888
27 2,055755|1,973590 | 1,929940 | 1,884236 | 1,836129 | 1,805922 | 1,785149 | 1,75839 |1,741871
28 2,041071|1,958561 | 1,914686 | 1,868709 | 1,820263 | 1,789813 | 1,768857 | 1,741838 | 1,725146
29 2,027458 | 1,944620 | 1,900531 | 1,854293 | 1,805523 | 1,774838 | 1,753704 | 1,726435 | 1,709574
30 2,014804 | 1,931653|1,887360 | 1,840872 | 1,791790 | 1,760879 | 1,739574 | 1,712062 | 1,695037
31 2,003009|1,919561 | 1,875073|1,828345 | 1,778964 | 1,747835| 1,726363 | 1,698616 | 1,681432
32 1,991990 | 1,908258 | 1,863582 | 1,816625 | 1,766956 | 1,735616 | 1,713984 | 1,686009 | 1,668670
33 1,981671|1,897669 | 1,852814 | 1,805636 | 1,755689 | 1,724147 | 1,702359 | 1,674162 | 1,656673
34 1,971988|1,887727 | 1,842701 | 1,795311 | 1,745097 | 1,713358 | 1,691420 | 1,663007 | 1,645371
35 1,962884 | 1,878375|1,833184 | 1,785591 | 1,735119| 1,703190 | 1,681106 | 1,652484 | 1,634706
36 1,954308 | 1,869562 | 1,824213 | 1,776424 | 1,725703 | 1,693590 | 1,671365 | 1,642539 | 1,624621
37 1,946216 | 1,861242 | 1,815742 | 1,767764 | 1,716803 | 1,684511 | 1,662149 | 1,633125 | 1,615072
38 1,938568 | 1,853375|1,807729 | 1,759569 | 1,708376 | 1,675911 | 1,653416 | 1,624200 | 1,606014
39 1,931327|1,845925 | 1,800138 | 1,751803 | 1,700385 | 1,667753 | 1,645128 | 1,615724 | 1,597409
40 1,924463 | 1,838859 | 1,792937 | 1,744432 | 1,692797 | 1,660003 | 1,637252 | 1,607666 | 1,589224
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Appendix

a=0,05
Vi

v, 15 20 24 30 40 50 60 80 100

41 1,917946 | 1,832149 | 1,786096 | 1,737427 | 1,685582 | 1,652631 | 1,629757 | 1,599993 | 1,581428
42 1,911751|1,825767 | 1,779588 | 1,730762 | 1,678713| 1,645608 | 1,622615 | 1,592678 | 1,573993
43 1,9058551,819691 | 1,773391 | 1,724411 | 1,672165| 1,638912 | 1,615803 | 1,585696 | 1,566893
44 1,900236|1,813898 | 1,767481 | 1,718354 | 1,665916 | 1,632518 | 1,609296 | 1,579024 | 1,560106
45 1,894875|1,808370 | 1,761839 | 1,712569 | 1,659945 | 1,626407 | 1,603075 | 1,572642 | 1,553612
46 1,889755 | 1,803089 | 1,756448 | 1,707039 | 1,654235 | 1,620560 | 1,597122 | 1,566531 | 1,547390
47 1,884859 | 1,798038 | 1,751291 | 1,701748 | 1,648769| 1,614961 | 1,591417 | 1,560673 | 1,541425
48 1,88017511,793202 | 1,746353 | 1,696679 | 1,643530| 1,609593 | 1,585947 | 1,555053 | 1,535699
49 1,875687 | 1,788569 | 1,741620 | 1,691820 | 1,638505 | 1,604442 | 1,580697 | 1,549656 | 1,530199
50 1,871384|1,784125|1,737080 | 1,687157 | 1,633682 | 1,599495 | 1,575654 | 1,544469 | 1,524911
55 1,852280 (1,764379|1,716893 | 1,666408 | 1,612191 | 1,577435 | 1,553142 | 1,521285 | 1,501251
60 1,836437|1,747984 | 1,700117 | 1,649141 | 1,594273 | 1,559011 | 1,534314 | 1,501853 | 1,481386
65 1,823086 | 1,734152 | 1,685951 | 1,634544 | 1,579098 | 1,543385 | 1,518326 | 1,485316 | 1,464455
70 1,811681 | 1,722325|1,673829 | 1,622040 | 1,566078 | 1,52996 |1,504572|1,471064 | 1,449840
75 1,801825(1,712096 | 1,663338 | 1,611207 | 1,554782 | 1,518297 | 1,492612 | 1,458647 | 1,437090
80 1,793222 (1,703160 | 1,654168 | 1,601730 | 1,544887 | 1,508069 | 1,482111|1,447728 | 1,425862
85 1,785647 | 1,695287 | 1,646084 | 1,593369 | 1,536147 | 1,499025 | 1,472817 | 1,438048 | 1,415896
90 1,778927 | 1,688298 | 1,638904 | 1,585937 | 1,528369 | 1,490968 | 1,464531 | 1,429404 | 1,406986
95 1,772924 | 1,682051 | 1,632483 | 1,579288 | 1,521402 | 1,483745 | 1,457096 | 1,421637 | 1,398970
100 1,767530 | 1,676434 | 1,626708 | 1,573302 | 1,515125 | 1,477231 | 1,450386 | 1,414618 | 1,391720
105 1,762656 | 1,671357 | 1,621485 | 1,567886 | 1,509441 | 1,471327 | 1,444299 | 1,408244 | 1,385127
110 1,758230 | 1,666744 | 1,616739 | 1,562962 | 1,504268 | 1,465951 | 1,438753 | 1,402428 | 1,379106
115 1,754193 | 1,662536 | 1,612407 | 1,558465 | 1,499540 | 1,461034 | 1,433676 | 1,397099 | 1,373585
120 1,750497 | 1,658680 | 1,608437 | 1,554343 | 1,495202 | 1,456519 | 1,429013 | 1,392198 | 1,368503
125 1,747099 | 1,655135 | 1,604786 | 1,550549 | 1,491208 | 1,452360 | 1,424714 | 1,387676 | 1,363808
129 1,744573 | 1,652498 | 1,602069 | 1,547725 | 1,488234 | 1,449260 | 1,421509 | 1,384301 | 1,360303
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Appendix

Values of & for two-sided statistical tolerance interval
1-a 0,90 0,95 0,99
\ Pl 0,90 0,95 0,99 0,90 0,95 0,99 0,90 0,95 0,99
2 15,5124 | 18,2208 | 23,4235 | 31,0923 | 36,5192 | 46,7452 | 155,5690 | 182,7200 | 234,8769
3 5,7881 6,8233 8,8186 8,3060 9,7888 | 12,6471 | 18,7825 22,1308 28,5857
4 4,1571 49127 6,3722 5,3681 6,3411 8,2207 9,4162 11,1178 14,4054
5 34993 | 41425 | 53868 | 42907 | 50769 | 65980 | 6,6550 | 7,8698 | 10,2201
6 3,1406 | 37226 | 48498 | 37326 | 44222 | 57578 | 53832 | 6,3735 | 82916
7 2,9128 3,4558 4,5085 3,3896 4,0196 5,2411 4,6576 5,5196 7,1907
8 2,7542 3,2699 4,2707 3,1561 3,7456 4,8893 4,1887 49677 6,4790
9 2,6368 | 3,1323 | 40945 | 29861 | 35459 | 46328 | 38602 | 45810 | 5,9802
10 | 25460 | 30258 | 39580 | 2,8564 | 3,3935 | 44370 | 36167 | 42942 | 5,6102
11 2,4734 2,9406 3,8488 2,7537 3,2728 4,2818 3,4286 4,0726 5,3242
12 2,4140 2,8707 3,7591 2,6703 3,1747 4,1556 3,2786 3,8959 5,0960
13 | 23643 | 28123 | 3,6840 | 26011 | 3,0932 | 40506 | 3,1561 | 3,7514 | 4,9093
14 | 23220 | 27625 | 36201 | 25425 | 3,0242 | 39617 | 3,0538 | 3,6309 | 4,7535
15 2,2855 2,7196 3,5649 2,4922 2,9650 3,8853 2,9672 3,5286 4,6212
16 2,2537 2,6821 3,5166 2,4486 2,9135 3,8189 2,8926 3,4406 45074
17 2,2257 2,6491 3,4741 2,4103 2,8684 3,7606 2,8278 3,3641 4,4084
18 | 22008 | 26197 | 34362 | 23764 | 2,8283 | 37089 | 27708 | 3,2968 | 4,3212
19 2,1785 2,5934 3,4122 2,3461 2,7926 3,6626 2,7203 3,2371 4,2439
20 2,1584 2,5697 3,3716 2,3188 2,7604 3,6210 2,6752 3,1838 4,1748
21 2,1401 2,5482 3,3437 2,2942 2,7313 3,5834 2,6347 3,1359 41126
22 | 21235 | 25285 | 33183 | 22718 | 2,7048 | 35490 | 25979 | 30924 | 40563
23 2,1083 2,5105 3,2951 2,2516 2,6806 3,5177 2,5645 3,0529 4,0050
24 2,0943 2,4940 3,2736 2,2325 2,6583 3,4888 2,5340 3,0168 3,9580
25 | 20813 | 24787 | 32538 | 22151 | 2,6378 | 34622 | 25060 | 2,9836 | 39149
30 | 20289 | 24166 | 31734 | 2,1452 | 25549 | 33546 | 2,3940 | 2,8510 | 13,7425
40 1,9611 2,4479 3,0688 2,0624 2,4484 3,2160 2,2529 2,6836 3,5144
50 1,9184 2,3948 3,0027 1,9991 2,3816 3,1288 2,1660 2,5805 3,3898
60 | 1.8885 | 22500 | 2,9564 | 1,9599 | 2,3351 | 3,0681 | 21063 | 25095 | 32970
70 | 1.8662 | 22236 | 29218 | 1,9308 | 2,3005 | 3,0228 | 20623 | 24571 | 32284
80 | 18480 | 22029 | 28947 | 1,9082 | 22736 | 2,9875 | 20282 | 24165 | 31753
90 1,8348 2,1862 2,8729 1,8899 2,2519 2,9591 2,0009 2,3840 3,1327
100 1,8232 2,1724 2,8548 1,8749 2,2339 2,9356 1,9784 2,3573 3,0976
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Appendix

Values of & for one-sided statistical tolerance interval

1-a 0,90 0,95 0,99
n p 0,90 0,95 0,99 0,90 0,95 0,99 0,90 0,95 0,99
2 10,2528 | 13,0898 | 18,5001 | 20,5815 | 25,2597 | 37,0936 | 103,0287 | 131,4263 | 185,6170
3 4,2582 | 53115 | 7,3405 | 6,1553 | 7,6560 | 10,5528 | 13,9955 | 17,3702 | 23,8956
4 3,1879 | 3,9566 | 5,4383 | 4,1620 | 5,1439 | 7,0424 7,3799 9,0835 12,3873
5 2,7424 | 3,3999 | 4,6660 | 3,4067 | 4,2027 | 5,7411 5,3618 6,5784 8,9391
6 2,4937 | 3,0919 | 4,2426 | 3,0063 | 3,7077 | 5,0620 4,4111 5,4056 7,3346
7 2,3327 | 2,8938 | 3,9721 | 2,7555 | 3,3995 | 4,6418 3,8592 4,7279 6,4120
8 2,2186 | 2,7543 | 3,7826 | 2,5820 | 3,1873 | 4,3539 3,4973 4,2853 5,8118
9 2,1329 | 2,6500 | 3,6415 | 2,4538 | 3,0313 | 4,1431 3,2405 3,9723 5,3889
10 2,0657 | 2,5684 | 3,5317 | 2,3547 | 2,9110 | 3,9812 3,0480 3,7384 5,0738
11 2,0113 | 2,5027 | 3,4435 | 2,2754 | 2,8150 | 3,8524 2,8977 3,5562 4,8291
12 19662 | 2,4483 | 3,3707 | 2,2102 | 2,7364 | 3,7471 2,7768 3,4100 4,6331
13 1,9281 | 2,4025 | 3,3095 | 2,1555 | 2,6706 | 3,6592 2,6770 3,2896 4,4721
14 1,8954 | 2,3632 | 3,2572 | 2,1088 | 2,6145 | 3,5846 2,5932 3,1886 4,3372
15 1,8669 | 2,3290 | 3,2119 | 2,0684 | 2,5661 | 3,5202 2,5215 3,1024 4,2224
16 1,8418 | 2,2990 | 3,1721 | 2,0330 | 2,5237 | 3,4640 2,4595 3,0279 4,1233
17 1,8195 | 2,2725 | 3,1369 | 2,0018 | 2,4863 | 3,4145 2,4051 2,9628 4,0367
18 1,7996 | 2,2487 | 3,1055 | 1,9738 | 2,4530 | 3,3704 2,3571 2,9052 3,9604
19 1,7816 | 2,2273 | 3,0772 | 1,9487 | 2,4231 | 3,3309 2,3142 2,8539 3,8925
20 1,7653 | 2,2078 | 3,0516 | 1,9260 | 2,3961 | 3,2952 2,2757 2,8079 3,8316
21 1,7503 | 2,1901 | 3,0283 | 1,9054 | 2,3715 | 3,2628 2,2409 2,7663 3,7767
22 1,7367 | 2,1739 | 3,0069 | 1,8865 | 2,3490 | 3,2332 2,2092 2,7286 3,7268
23 1,7241 | 2,1590 | 2,9873 | 1,8691 | 2,3284 | 3,2061 2,1802 2,6941 3,6813
24 1,7124 | 2,1452 | 2,9692 | 1,85300 | 2,3093 | 3,1811 2,1536 2,6624 3,6396
25 1,70161 | 2,1323 | 2,9524 | 1,8382 | 2,2917 | 3,1580 2,1291 2,6332 3,6011
30 6571 2,0799 | 2,8838 | 1,7774 | 2,2199 | 3,0640 2,0299 2,5155 3,4466
40 15979 | 2,0103 | 2,7932 | 1,6972 | 2,1255 | 2,9410 1,9018 2,3642 3,2486
50 15595 | 1,9653 | 2,7349 | 1,6456 | 2,0650 | 2,8625 1,8208 2,2689 3,1247
60 15321 | 1,9333 | 2,6936 | 1,6090 | 2,0222 | 2,8071 1,7641 2,2024 3,0383
70 15113 | 1,9091 | 2,6623 | 1,5813 | 1,9899 | 2,7654 1,7216 2,1527 2,9740
80 1,4948 | 1,8899 | 2,6377 | 1,5594 | 1,9645 | 2,7327 1,6883 2,1138 2,9238
90 1,4813 | 1,8743 | 2,6177 | 1,5416 | 1,9438 | 2,7061 1,6614 2,0824 2,8832
100 1,4701 | 1,8613 | 2,6010 | 1,5268 | 1,9266 | 2,6840 1,6390 2,0563 2,8497
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Appendix

SHAPIRO — WILK TEST - coefficients a,(n)

7 8 9 10 11 12 13 14
1 0,6233 0,6052 0,5888 0,5739 0,5601 0,5475 0,5359 0,5251
2 0,3031 0,3164 0,3244 0,3291 0,3315 0,3325 0,3325 0,3318
3 0,1401 0,1743 0,1976 0,2141 0,2260 0,2347 0,2412 0,2460
4 0 0,0561 0,0947 0,1224 0,1429 0,1586 0,1707 0,1802
5 0 0 0 0,0399 0,0695 0,0922 0,1099 0,1240
6 0 0 0 0 0 0,0303 0,0539 0,0727
7 0 0 0 0 0 0 0 0,0240

15 16 17 18 19 20 21 22
1 0,5150 0,5056 0,4968 0,4886 0,4808 0,4734 0,4643 0,4590
2 0,3306 0,3290 0,3273 0,3253 0,3232 0,3211 0,3185 0,3156
3 0,2495 0,2521 0,2540 0,2553 0,2565 0,2565 0,2578 0,2571
4 0,1878 0,1939 0,1988 0,2027 0,2085 0,2085 0,2119 0,2131
5 0,1353 0,1447 0,1524 0,1587 0,1686 0,1686 0,1736 0,1764
6 0,0880 0,1005 0,1109 0,1197 0,1334 0,1334 0,1399 0, 1443
7 0,0433 0,0593 0,0725 0,0837 0,1013 0,1013 0,1092 0,1150
8 0 0,0196 0,0359 0,0496 0,0711 0,0711 0,0804 0,0878
9 0 0 0 0,0163 0,1422 0,0422 0,0530 0,0618
10 0 0 0 0 0 0,0140 0,0263 0,0368
11 0 0 0 0 0 0 0 0,0122

23 24 25 26 27 28 29 30
1 0,4542 0,4493 0,4450 0,4407 0,4366 0,4328 0,4291 0,4254
2 0,3126 0,3098 0,3069 0,3043 0,3018 0,2992 0,2968 0,2944
3 0,2563 0,2554 0,2543 0,2533 0,2522 0,2510 0,2499 0,2487
4 0,2139 0,2145 0,2148 0,2151 0,2152 0,2151 0,2150 0,2148
5 0,1787 0,1807 0,1822 0,1836 0,1848 0,1857 0,1864 0,1870
6 0,1480 0,1512 0,1539 0,1563 0,1584 0,1601 0,1616 0,1630
7 0,1201 0,1245 0,1283 0,1316 0,1346 0,1372 0,1395 0,1415
8 0,0941 0,0997 0,1046 0,1089 0,1128 0,1162 0,1192 0,1219
9 0,0696 0,0764 0,0823 0,0876 0,0923 0,0965 0,1002 0,1036
10 0,0459 0,0539 0,0610 0,0672 0,0728 0,0778 0,0822 0,0862
11 0,0228 0,0320 0,0403 0,0476 0,0540 0,0598 0,0650 0,0697
12 0 0,0107 0,0200 0,0284 0,0358 0,0424 0,0483 0,0537
13 0 0 0 0,0094 0,0178 0,0253 0,0320 0,0381
14 0 0 0 0 0 0,0084 0,0159 0,0227
15 0 0 0 0 0 0 0 0,0076
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Appendix

SHAPIRO - WILK TEST

Percentiles w_(n) of Shapiro — Wilk statistic W: P(W(n) <W (n))=«

n | a=0,01 a=0,05 n |a=0,01| a=0,05 n a=0,01 a=0,05
7 0,730 0,803 15 0,835 0,881 23 0,881 0,914
8 0,749 0,818 16 0,844 0,887 24 0,884 0,916
9 0,764 0,826 17 0,851 0,892 25 0,888 0,918
10 0,781 0,842 18 0,858 0,897 26 0,891 0,920
11 0,792 0,850 19 0,863 0,901 27 0,894 0,923
12 0,805 0,859 20 0,868 0,905 28 0,896 0,924
13 0,814 0,866 21 0,873 0,908 29 0,898 0,926
14 0,825 0,874 22 0,878 0,911 30 0,900 0,927
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0,01, one-sided test
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